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VORTICES ON SURFACES WITH CYLINDRICAL ENDS
SUSHMITA VENUGOPALAN
Abstract. We consider Riemann surfaces obtained from nodal curves with in-
finite cylinders in the place of nodal and marked points, and study the space
of finite energy vortices defined on these surfaces. To compactify the space of
vortices, we need to consider stable vortices – these incorporate breaking of cylin-
ders and sphere bubbling in the fibers. In this paper, we prove that the space
of gauge equivalence classes of stable vortices representing a fixed equivariant
homology class is compact and Hausdorff under the Gromov topology. We also
show that this space is homeomorphic to the moduli space of quasimaps defined
by Ciocan-Fontanine, Kim and Maulik in [6].
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The moduli space of stable quasimaps described by Ciocan-Fontanine, Kim and
Maulik in [6] is a compactification of the space of maps from non-singular curves to
targets that are Geometric Invariant Theory (GIT) quotients. The domain curves
have genus g and n marked points and the complex structure is allowed to vary.
The points in the boundary of the quasimap moduli space exhibit two phenomena:
first, maps may acquire a finite number of base points, and second, the domain
curve may degenerate to a nodal curve. Base points are required to be away from
marked points and nodal points. This paper provides a symplectic version of stable
quasimaps.
The quasimap compactification is different from Kontsevich’s stable map com-
pactification, which works for general targets. The boundary points of the Kontse-
vich moduli space are maps whose domains are nodal curves. In contrast, quasimaps
with base points are no longer honest maps from a nodal curve to the target. We
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explain this point. Let G be a connected complex reductive group and X be a po-
larized affine G-variety. The GIT quotient X//G is an open substack of the quotient
stack X/G. A quasimap u is a map from a curve C to the stack X/G. In the com-
plement of the set of base points in C, the map u has image in X//G. Maps from a
curve C to the quotient stack correspond to G-maps from a principal G-bundle on
C to X. The GIT quotient is the stack-theoretic quotient of the semistable locus
Xss. Base points are thus the points on C that map to X\Xss.
Suppose K is a maximal compact subgroup of G. In symplectic geometry, the
maps C → X/G are analogous to K-vortices from C to X. When X is as above, the
action of K on X is Hamiltonian and has a moment map Φ : X → k∨. By choosing
an AdK -invariant metric on k, we assume there is an identification k
∨ ≃ k. A vortex
(A, u) consists of a connection A on a principal K-bundle P → C and a holomorphic
section u : C → P ×K X with respect to ∂A that satisfies the equation
FA +Φ(u)volC = 0.
This equation requires a choice of area form on C. To make sure that base points
are away from special points on C, we ‘blow up’ the area form at the special points.
Punctured neighborhoods of these points will be isometric to semi-infinite cylinders.
The blowing up of the area form near the special points ensures that the limit of
u, as we approach the special points, lies in Φ−1(0) and hence is in the semistable
locus Xss. We define a smooth family of metrics, called the neck-stretching metrics
on stable nodal genus g, n-pointed curves such that the metric blows up at special
points in the above-mentioned way, so any such curve now corresponds to a Riemann
surface with cylindrical ends. The space of vortices representing a given equivariant
homology class inHK2 (X) defined on stable nodal curves with neck-stretching metric
is not compact. To compactify it, we allow breaking of cylinders (as in Floer theory)
and sphere bubbles in X-fibers (as in the work of Ott [20]). The resulting objects are
called stable vortices. The space of stable vortices in a fixed class of HK2 (X) modulo
K-gauge transformations is compact and Hausdorff under the Gromov topology.
SupposeMg,n is the coarse moduli space of stable nodal curves of genus g with n
marked points. We assume n ≥ 1, and for stability n+2g−3 ≥ 0. If a vortex (A, u)
has finite energy and bounded image in X, a removal of singularity result applies at
the cylindrical ends, which means that u is well-defined over a closed complex curve.
Then, u represents a class in HK2 (X). Let MV
K
g,n(X,β) be the space of vortices
(A, u) on stable genus g, n-pointed curves equipped with the neck-stretching metric,
such that [u] = β ∈ HK2 (X) modulo the group of (unitary) gauge transformations.
Removal of singularity at the cylindrical ends ensures that the evaluation maps
evj : MV
K
g,n(X)→ X//G (A, u) 7→ limz→zjKu(zj)
are well-defined for marked points z1, . . . , zn. By the definition of MV
K
g,n(X), there
is a forgetful map
ft :MV Kg,n(X)→Mg,n.
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In the compactification of MV Kg,n(X), the domain may not be stable, ft is defined as
the stabilization of the domain, achieved by contracting unstable components. Our
first result is:
Theorem 0.1. Suppose (X,ω,K,Φ) is a K-Hamiltonian symplectic manifold that
is equivariantly convex at ∞ (see Definition 2.5), has a proper moment map Φ
and has free action of K on Φ−1(0). The compactification of MV Kg,n(X,β), called
MV
K
g,n(X,β), is a compact Hausdorff space under the Gromov topology. The forget-
ful map ft and the evaluation maps evj are well-defined and continuous onMV
K
g,n(X,β).
Compactifications of the space of symplectic vortices have been constructed by
[19], [31] and [20]. Ziltener ([31]) constructs a compactification of the space of
vortices on the complex plane C. In this case, besides sphere bubbling in the fibers,
there is bubbling at infinity that produces sphere bubbles in the quotient X//G and
vortices on C attached to these bubbles. Our situation for vortices on surfaces with
cylindrical ends is simpler in comparison.
Mundet-Tian ([19]) have constructed a compactification for vortices with varying
domain curve, equipped with a finite volume metric. In this case, when the domain
curve degenerates to a nodal curve, the map u can degenerate to a chain of gradient
flow lines of the moment map Φ (K = S1, so iΦ maps to R). In our approach,
by allowing infinite volume at nodal points we avoid these structures. The infinite
volume also ensures that nodal points map to the semistable locus, where the group
action is free, which helps us avoid meromorphic connections present in [19]. Further,
the behavior of vortices away from base points is similar to that of holomorphic
curves on GIT quotient X//G. This phenomenon ties in with the philosophy of
gauged Gromov-Witten theory where the moduli spaces of vortices with target X
is related to the moduli space of holomorphic curves on the quotient X//G by wall-
crossing as in Toda [23] and Woodward ([27], [28], [29]).
Let Qmapg,n(X//G, β) be the space of stable quasimaps whose domains are nodal
n-pointed curves of genus g and which represent the homology class β ∈ HG2 (X).
Assuming that the G-action on the semistable locusXss is free and thatX is an affine
variety, the paper [6] proves that the moduli space of quasimaps Qmapg,n(X//G, β)
is a Deligne-Mumford stack that is proper over the affine quotient. The next result of
this paper is that Qmapg,n(X//G, β) is homeomorphic to the space of stable vortices
that are in the equivariant homology class β. We state the following theorem for the
case that the affine quotient is a single point, or in other words, the GIT quotient
is projective. In that case, X can be realized as a Ka¨hler Hamiltonian K-manifold
with a proper moment map that is equivariantly convex at infinity.
Theorem 0.2. Let g, n, K, G, X be as above and β ∈ HK2 (X). Suppose the GIT
quotient X//G is projective. There is a homeomorphism
Ψ : Qmapg,n(X//G, β) →MV Kg,n(X,β)
that commutes with the evaluation maps evj to the quotient X//G and the forgetful
map ft to Mg,n.
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The map Ψ in the above Theorem is still a homeomorphism in the case of a
general affine quotient, i.e. when X//G is not projective – this generalization is
discussed in Section 7.5. The proof of the Theorem 0.2 does not require that X is
affine. It only requires that Qmapg,n(X//G, β) is compact. Therefore, we expect
Qmapg,n(X//G, β) to be compact in more general situations, provided X is aspheri-
cal. In order to remove the asphericity assumption, the definition of quasimaps will
have to be broadened to include sphere bubbles in the fiber.
In the proof of Theorem 0.2, the bijection Ψ is a Hitchin-Kobayashi correspon-
dence established in [25]. The notion of stability required by this correspondence
– of the point at infinity (marked points and nodal points in the case of Qmap)
mapping to the semistable locus Xss – is part of the definition of quasimaps. The
proof of continuity of Ψ relies on the convexity of the moment map – but there
are analytic difficulties arising because of the non-compact domains. To overcome
these, we crucially rely on a stronger version of removal of singularity at infinity for
vortices. The original such result proved by Ziltener in his thesis ([30]) for the affine
case gives only Lp control on the decay of the connection. But in the cylindrical
case, we are able to show a similar result (Proposition 2.9) giving W 1,p control.
The paper is organized as follows. Section 1 constructs a smooth family of neck-
stretching metrics on stable nodal curves parametrized by M g,n. Sections 2-5 de-
scribe vortices and prove Theorem 0.1, the proof appears in Section 5. Section 6
introduces quasimaps and Section 7 establishes the homeomorphism Ψ, the proof of
Theorem 0.2 appears in Section 7.4.
Acknowledgements: I want to thank Chris Woodward for suggesting the idea
for this paper and many discussions that helped me along the way. I was a post-
doctoral fellow in Tata Institute of Fundamental Research at the time the article
was written. I was also hosted by Department of Mathematics, Rutgers University
for a month, whose hospitality I am grateful for. Finally, I thank the referee for
carefully reading the paper and suggesting improvements.
1. Description of neck stretching metrics
In this section, we construct a family of metrics for stable nodal marked curves
with special points deleted so that punctured neighborhoods in the curves are isomet-
ric to semi-infinite cylinders. The presentation is similar to Section 2 in Gonzalez-
Woodward [11].
1.1. Stable curves, gluing. A compact complex nodal curve C is obtained from
a collection of smooth compact curves (C1, . . . , Ck) by identifying a collection of
distinct nodal points
w+j ∼ w−j , w±j ∈ Cι(w±j ), j = 1, . . . ,m.
Points on the curves Ci that are not nodal points are called smooth points. A
nodal curve with marked points comes with a collection of n distinct smooth points
{z1, . . . , zn}. A marked nodal curve is stable if it has finite automorphism group, i.e.
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every genus 0 component has at least 3 special points (marked or nodal point) and
a genus 1 component has at least 1 special point. The genus of a nodal curve is the
genus of a “smoothing” of the curve. For example, the genus of the curve in Figure
1 is one.
A family of nodal curves over a scheme S is a proper flat morphism π : C → S
such that each fiber Cs, s ∈ S is a nodal curve. One can ask if there is a space
M and a family U → M such that for any family C → S, there is a unique map
φ : S → M such that C is isomorphic to the pullback φ∗U . For marked nodal
curves with genus ≥ 1, such a family does not exist because there are curves with a
non-trivial automorphism group - see p. 267 in the book [2]. For stable curves, the
automorphism group is finite. In that case, there is a coarse moduli space Mg,n –
this means for any family of curves C → S, there is a unique map φS : S → M g,n.
There is a universal curve Ug,n :=Mg,n+1 that maps to Mg,n by forgetting the last
point and contracting unstable components. For any stable curve C, the fiber over
the point [C] ∈ Mg,n in Ug,n is isomorphic to C/Aut(C). Given a family of curves
over a pointed scheme C → (S, 0), the finite automorphism group of the central
curve G := Aut(C0) acts on an open neighborhood of 0 in S (which we continue to
call S). Further, the map φS : S →Mg,n factors through the quotient:
S
π→ S/G φS/G→ Mg,n, φS = φS/G ◦ π.
The action of G lifts to C and the quotient C/G is isomorphic to the pullback
φ∗S/GUg,n. The moduli space Mg,n has the structure of a complex orbifold. We use
the definition of an orbifold in Satake [21], which says that locally a complex orbifold
is homeomorphic to a neighborhood of the quotient of CN under the holomorphic
action of a finite group, and the transition functions are bi-holomorphisms. This
definition has problems and more sophisticated definitions have been provided, for
example Lerman [16] says that orbifolds should be thought of as Deligne-Mumford
stacks. But Satake’s definition is enough for the purposes of this paper.
The combinatorial type of a marked nodal curve (C, z) is a modular graph Γ =
(Vert(Γ),Edge(Γ),Edge∞(Γ)) and a genus function g : Vert(Γ)→ Z≥0. The vertices
are the components of C, the edges in Edge(Γ) are nodes in C and the infinite edges
Edge∞(Γ) correspond to markings. An edge w ∈ Edge(Γ) has two end points w±,
so it is incident on two vertices ι(w±). It is possible that these two vertices are
the same – see for example Figure 1. For the markings, there is an ordering of the
set Edge∞(Γ) by a bijection {1, . . . , n} → Edge(Γ) and each edge z ∈ Edge∞(Γ) is
incident on only one vertex ι(z).
A modular graph is stable if any curve corresponding to it is stable. The stabi-
lization of a nodal curve C is obtained by contracting curve components that have
genus 0 and less than 3 marked points. For a graph Γ, the stabilization st(Γ) is
the combinatorial type of the stabilization of any curve CΓ of type Γ. A morphism
f : Γ1 → Γ2 of modular graphs corresponds to a sequence of moves, each of one of
the two forms:
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z1
Σ1
z1
Σ2
z2
z2
Σ1
g(Σ1) = 0 g(Σ2) = 0
Σ2
Figure 1. A nodal curve and its combinatorial type. Both vertices
have genus 0, but the curve has genus 1.
Contracting a non-loop edge: Contract an edge that is incident on vertices
v1, v2, the genus of the combined vertex is the sum of the genus of v1 and v2.
Contracting a loop edge: Delete an edge both whose end-points are incident
on the same vertex v and increment the genus of v by 1.
In terms of the related nodal curves, each move smooths out a nodal singularity.
Based on the combinatorial type Γ(C, z), we can define a stratification of Mg,n. If
there is a morphism Γ(C) → Γ(C ′), then [C ′]  [C]. The lowest stratum consists
of points representing smooth curves, and it is an open set in Mg,n. Denote by
MΓg,n ⊂Mg,n the subspace parametrizing curves of combinatorial type Γ. Then, the
boundary of MΓg,n consists of
⋃
Γ≺Γ′M
Γ′
g,n.
Given a combinatorial type Γ, we next discuss how a neighborhood in MΓg,n fits
into Mg,n – this is done through deformation theory. Suppose C is a compact
curve. Then a deformation of C by a pointed scheme (S, 0), 0 ∈ S, is a proper
flat morphism φ : C → S plus an isomorphism between C and the central fiber
φ−1(0) ≃ C0. A deformation C of C is universal if given any other deformation
C′ → (S′, 0), for any sufficiently small neighborhood U of 0 in S′, there is a unique
morphism ι : U → S such that C′|U is isomorphic to the fibered product C ×S U .
Stable curves possess universal deformations. Suppose π : C → (S, 0) is a universal
deformation of the curve C. If C has a non-trivial stabilizer G, then for a sufficiently
small neighborhood V of 0, the action of G extends to compatible actions on V and
C|V (theorem 6.5, chapter 11, [2]). If V is small enough and G-invariant, then there
is an injection V/G →֒ Mg,n, and thus deformations of curves provide holomorphic
orbifold charts for Mg,n. Suppose C → (S, 0) is a universal deformation of the curve
C. Then, the space of infinitesimal universal deformations of C, denoted by Def(C)
is the tangent space T0S. If C is a nodal curve of type Γ, a deformation of C of
type Γ is a family of curves C → (SΓ, 0) where every fiber is a curve of type Γ, along
with an isomorphism between C and the central curve C0. If C → SΓ is a universal
deformation of C of type Γ, then the space of infinitesimal deformations of type Γ,
denoted by DefΓ(C), is defined as the tangent space T0SΓ. For a nodal curve C of
type Γ, given a universal deformation SΓ of type Γ, we can construct a universal
deformation S using a gluing procedure. Suppose C˜ is the normalization of C. By
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Proposition 3.32 in [12],
Def(C)/DefΓ(C) ≃ ⊕w∈Edge(C)Tw+C˜ι(w+) ⊗ Tw−C˜ι(w−).
Construction 1.1. Let C be a nodal curve and suppose for all nodes w ∈ Edge(C),
we are given holomorphic coordinates κw± in small neighborhoods of the lifts of the
nodes w± in the normalization C˜. To every small δ ∈ ⊕w∈Edge(C)Tw+C˜ι(w+) ⊗
Tw−C˜ι(w−), we can associate a curve C
δ.
Cδ is constructed as follows. The tensor δκw := (dκ
+
w⊗dκ−w)(δw) is a complex number
and we can define an equivalence
(1) z1 ∼ z2 ⇔ κ+w(z1)κ−w(z2) = δκw.
Define the glued curve as a quotient Cδ := C − {w± : w ∈ Edge(C)}/ ∼. If δw = 0,
we let the node w stay in place in Cδ. Since the coordinates κ±w are holomorphic, the
quotient relation respects complex structure, and so Cδ has a complex structure. 
The gluing process in Construction 1.1 can be done in families also. Suppose,
C → SΓ is a family of curves of type Γ and we have a family of holomorphic co-
ordinates on neighborhoods of the lifts of nodes in Cs, where s ∈ SΓ. Let IΓ → SΓ
be a vector bundle whose fiber over s ∈ SΓ is
IΓ,s := ⊕w∈Edge(Γ)Tw+ C˜s,ι(w+) ⊗ Tw− C˜s,ι(w−).
In a neighborhood of the zero section of IΓ, we can associate a glued curve to every
point. If SΓ were a universal deformation of type Γ of a curve C, by Theorem 3.17,
chapter 11 in [2], the gluing procedure above produces a universal deformation of
the curve C.
1.2. Riemann surfaces with cylindrical ends.
Definition 1.2. Let C be a nodal curve with marked points z1, . . . , zn and nodal
points w1, . . . , wk. A Riemann surface with cylindrical ends
1 associated to the curve
C is the punctured curve Σ := C\{z1, . . . , zn, w1, . . . , wk} equipped with a metric
satisfying the following property: for any z = zj , w
±
j there is a neighborhood of z in
the normalization of C, N(z) ⊂ C˜ and an isometry
ρz : N(z)\{z} → {r + iθ : r > 0, θ ∈ R/2πZ},
such that limr→∞ ρz(r, θ) = z. The metric on the right hand side is dr
2 + dθ2. We
further require that the volume of Σ\(∪z=zj ,w±j N(z)) is finite and any f ∈ Aut(C)
preserves the metric on Σ.
Notation 1.3. In the context of cylindrical co-ordinates, S1 will denote R/2πZ.
Given integers g, n ≥ 0 such that n + 2g − 3 ≥ 0, the goal of this section is to
show that to any stable n-pointed curve of genus g, we can associate a Riemann
surface with cylindrical ends, and that the metric varies smoothly as we vary C. In
1Strictly speaking, the terminology is Riemann surface with metric that has cylindrical ends at
punctures. To shorten notation, we assume cylindrical ends implies an underlying metric.
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other words, if C → S is a family of such curves, we need to put a metric on the
fibers of C\(zj(S) ∪ wj(S)) → S that varies smoothly with s ∈ S. We call such
a family of metrics neck-stretching metrics, because they stretch the ‘neck region’
in the glued surfaces described in Construction 1.1. A family of neck-stretching
metrics is constructed using a family of holomorphic co-ordinates κ defined on Mg,n
on neighborhoods of marked points and lifts of nodal points. Note that in the
construction 1.1, for a curve Cδ, if a node w stays in place, i.e. δw = 0, then the
coordinates κw± on C also induce coordinates in the neighborhoods of w
± on C˜δ.
A family of holomorphic coordinates defined on a family of nodal curves is said
to be compatible if the co-ordinate κw± on C and C
δ agree, when δ is in a small
neighborhood of 0.
Proposition 1.4. There exists a family of neck-stretching metrics on stable curves
parametrized by Mg,n. The space of neck-stretching metrics on Mg,n is contractible.
Proof. Assume κ is a compatible family of holomorphic coordinates defined on Mg,n
in neighborhoods of marked points and lifts of nodal points. We first describe a neck-
stretching metric on a component of a curve, which is called C and has special points
z1, . . . , zn. Holomorphic co-ordinates κC,j are defined on neighborhoods N(zj) of zj .
Define map f : B1 → R× iS1 as z 7→ − ln z. In the neighborhood N(zj)\{zj}, define
co-ordinates ρzj : N(zj)\{zj} → R× iS1 as f ◦κC,i. If zj = w− for some edge w, we
use the co-ordinates ρw− := −f ◦κC,w− . A cylindrical metric is given on N(zj)\{zj}
by pulling back the Euclidean metric by ρzj . This metric can be extended to all of
Σ := C\{z1, . . . , zn} so that the volume of C\ ∪j N(zj) is finite.
For a combinatorial type Γ, the family of metrics defined on the stratumMΓg,n can
be extended to a small neighborhood ofMΓg,n by the gluing construction for families.
Given a curve C of type Γ, and δ ∈ ⊕w∈Edge(Γ)Tw+C˜ ⊗ Tw−C˜, we now describe
the metric on the curve Σδ := Cδ\{special points}. In the previous paragraph, by
pulling back the Hermitian metric on B1 via κw± to a neighborhood N(w
±) ⊂ C˜, the
element δw can be identified to a complex number. Let lw = Lw + itw := − ln δw ∈
R≥0×S1. The identification (1) used in the construction of Cδ can be re-written as
(2) (ρw+)
−1(r + iθ) ∼ (ρw−)−1(lw + r + iθ).
To construct the punctured curve with metric Σδ, we start with Σ. For any node
w ∈ Edge(Σ), parts of the semi-infinite cylinders ρ−1
w±
{r > ±Lw} are discarded and
the remainder of the cylinders are identified via (2) to produce a finite cylinder in
Σδ. The two regions being identified are isometric, so the metric on Σ induces a
metric on Σδ. If a modular graph Γ′ is obtained from Γ by contracting a single edge,
the family of metrics can be extended to MΓ
′
g,n. If we assume that the metrics on
curves of type Γ are invariant under the action of the automorphism group of the
curve, the condition would also be satisfied for the metrics on curves of type Γ′. A
family of metrics on Mg,n can thus be constructed inductively.
Finally we prove that the space of such metrics is contractible. For a fixed family
κ of holomorphic co-ordinates in the neighbourhood of nodes in curves parametrized
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Σ2
z2
z1
w
+
1 w
−
1
w
+
2
w
−
2
Σ1
Figure 2. Nodal curve in Figure 1 with neck-stretching metric
by Mg,n, the space of metrics on stable curves is convex, hence contractible: Given
two families of neck-stretching metrics g0, g1, for any t ∈ [0, 1], (1 − t)g0 + tg1 is
also a neck-stretching metric. This is because the metrics g0 and g1 agree on the
neighborhoods of special points. Now, consider different choices of κ, say κ0 and κ1.
We remark that multiplying κw+ or κw− by a constant non-zero complex number
does not affect the metric constructed above - it only modifies the identification
δ 7→ Cδ, i.e. Cδ would now be relabelled by a multiple of δ. So, the family of
co-ordinates κ1 can be multiplied by a family of scalars so that for any curve C
and special point z, dκ0(z) = dκ1(z). Such a modification is possible because any
strata of Mg,n is simply connected. Now, we see that for t ∈ [0, 1], the interpolation
κt := (1− t)κ0+ tκ1 is also a family of holomorphic coordinates in (possibly smaller)
neighborhoods of special points (see Remark 2.1.1 in [11]). 
We make a choice of a family of neck-stretching metrics and fix it for the rest
of the paper. Now, we can talk about a ‘Riemann surface with cylindrical ends
corresponding to a stable nodal curve’.
2. Preliminaries: vortices on surfaces with cylindrical ends
2.1. Definitions. Let K be a compact connected Lie group, (Σ, j) be a Riemann
surface with metric and P → Σ be a principal K-bundle. Let (X,ω, J) be a Ka¨hler
manifold with a K-action that preserves ω and J . We assume the K-action on X is
Hamiltonian, whose meaning we now define.
Definition 2.1. 1. (Hamiltonian actions) A moment map is a K-equivariant map
Φ such that ι(ξX)ω = d〈Φ, ξ〉, ∀ξ ∈ k, where the vector field ξX ∈ Vect(X) is the
infinitesimal action of ξ on X, i.e. ξ(x) := ddt exp(tξ)x ∈ TxX. The action of K is
Hamiltonian if there exists a moment map Φ : X → k∨. Since K is compact, k has
an Ad-invariant metric. We fix such a metric so the moment map becomes a map
Φ : X → k.
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2. (Connections, curvature and gauge transformations) A connection is aK-equivariant
one-form A ∈ Ω1(P, k) that satisfies A(ξP ) = ξ for all ξ ∈ k. The space of connec-
tions A(P ) is an affine space modeled on Ω1(Σ, P (k)) where P (k) := P ×K k is the
adjoint bundle. The form dA + 12 [A ∧ A] ∈ Ω2(P, k) is basic, so it descends to a
two-form FA ∈ Ω2(Σ, P (k)), which is the curvature of the connection A. A gauge
transformation is an automorphism of P – it is an equivariant bundle map P → P .
The group of gauge transformations on P is denoted by K(P ).
In case P is a trivial bundle Σ ×K, there is a trivial connection d. The adjoint
bundle has a trivialization P (k) ≃ Σ × k. A connection A is then of the form
A = d + a where a ∈ Ω1(Σ, k). The formula of curvature is FA = da + 12 [a ∧ a]. A
gauge transformation k : Σ→ K acts on the connection A = d+ a as
k(A) = d + (dkk−1 +Adk a).
On an associated bundle P (X) := P ×K X, a connection A defines a covariant
derivative dA on sections of P (X):
dA : Γ(Σ, P (X))→ ∪u∈Γ(Σ,P (X))Ω1(Σ, u∗T vertP (X)).
On a local trivialization of the bundle P , where A = d+ a, the covariant derivative
of a section u : Σ → X is du + au ∈ Ω1(Σ, u∗TX). At a point x ∈ Σ, au(x) is the
infinitesimal action of a(x) at u(x).
Remark 2.2. Suppose (M,J) is a complex K-manifold whose complex structure J
is preserved by K. A connection A on P determines a holomorphic structure on the
associated bundle P (M) := P ×K M via the operator ∂A := d0,1A . This construction
can be reversed when M is the complexified group G = KC. Then, the associated
bundle is a principal G-bundle containing P as a sub-bundle. Given a holomorphic
structure on PC, the co-dimension one distribution TP ∩ J(TP ) ⊂ TP corresponds
to a connection on P (see [22]).
Definition 2.3. 1. (Gauged holomorphic maps) A gauged holomorphic map (A, u)
from P to X consists of a connection A and a section u of P (X) that is holomorphic
with respect to ∂A. The space of gauged holomorphic maps from P to X is called
H(P,X).
2. (Symplectic vortices) A symplectic vortex is a gauged holomorphic map that sat-
isfies
FA +Φ(u)ωΣ = 0,
where ωΣ ∈ Ω2(Σ) is an area form on Σ.
3. (Energy) The energy of a gauged holomorphic map (A, u) is
E(A, u) :=
∫
Σ
(|FA|2 + |dAu|2 + |Φ ◦ u|2)ωΣ.
For a compact base manifold Σ, one can define Sobolev completions of the spaces
A(P ), K(P ) in a standard way (see Appendix B of the book [26]). But for a manifold
with cylindrical ends Σ, we restrict our attention to a trivial principal bundle P =
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Σ × K. Let k, p such that (k + 1)p > dim(Σ). The space of W k,p connections is
Ak,p(P ) := d +W k,p(Σ, k) where d is the trivial connection on Σ × K. The space
of W k+1,p gauge transformations is Kk+1,p(P ) := {kes|k ∈ K, s ∈ W k+1,p(Σ, k)}.
Unlike in the case of a compact base manifold, these Sobolev spaces are dependent
on the choice of trivialization and hence it is not possible to define these concepts
for a general principal bundle. The space Kk+1,p(P ) acts smoothly on Ak,p(P ). For
integers k, we also use the Sobolev spaces Hk, which are the same as W k,2.
We assume the following in the rest of this article.
Assumption 2.4. K acts freely on Φ−1(0).
Definition 2.5 (Equivariant convexity at infinity). The K-Hamiltonian manifold
X is equivariantly convex if there is a proper K-invariant function f : X → R≥0,
and a constant c > 0 such that x ∈ f−1[0, c) and ξ ∈ TxX,
〈∇ξ∇f(x), ξ〉 ≥ 0, df(x)(JΦ(x)X ) ≥ 0.
The above notion is defined by Cieliebak et al. in [4] and is an equivariant
version of the idea of convexity in symplectic geometry introduced by Eliashberg
and Gromov [9]. If the moment map Φ is proper and X is equivariantly convex,
the image of a finite energy vortex with bounded image is contained in the compact
set {f ≤ c} (see Lemma 2.7 in [4]). An important example of equivariantly convex
spaces are symplectic vector spaces with a linear group action and a proper moment
map.
2.2. Asymptotic behavior on cylindrical ends. On a non-compact base space,
vortices with bounded image and finite energy have good asymptotic properties (see
Ziltener [32]). In this section we prove a stronger result (Proposition 2.9) in the
special case that the base space has cylindrical ends.
Proposition 2.6 (Decay for vortices on the half cylinder). Let Σ be a half cylinder
Σ := {r + iθ : r ≥ 0, θ ∈ S1}
with the standard metric ωΣ = dr ∧ dθ. Let X be a Hamiltonian K-manifold with a
proper moment map and such that K acts freely on Φ−1(0). There exists a constant
0 < γ < 1 that satisfies the following. Suppose (A, u) is a finite energy vortex from
the trivial bundle Σ ×K to X whose image is contained in a compact subset of X.
Then, there exists a constant C > 0 so that
|FA(z)|2 + |dAu(z)|2 + |Φ(u(z))|2 ≤ Ce−γr.
where z = r + iθ.
Remark 2.7. This result is similar to Theorem 1.3 in Ziltener [32] and the proof
carries over. It is an equivariant version of the isoperimetric inequality. But this
result is much weaker, because in [32], γ is arbitrarily close to 1. The hypothesis in
[32] place some condition on X in order to make the metric on Σ ‘admissible’, which
can be dropped if we do not require an optimal value of γ.
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The following result is an easy consequence of Proposition 2.6. It says that for
a finite energy vortex on a semi-infinite cylinder, the connection asymptotically
converges to a limit connection defined on S1. Further the map u has a limit
at infinity after it is twisted by a gauge transformation determined by the limit
connection. It is enough to consider trivial principal bundles for this result because
on a Riemann surface which is homotopic to a one-cell, any principal bundle with
connected structure group is trivializable.
Proposition 2.8 (Removal of singularity for vortices at infinity). Suppose (A, u) is a
finite energy vortex on a trivial K-bundle on the half cylinder {r+iθ : r ≥ 0, θ ∈ S1}
whose image is contained in a compact subset of X. Then, there exist a point
x0 ∈ Φ−1(0) and a gauge transformation k0 ∈ C1(S1,K) such that
lim
r→∞
max
θ
d(k0(θ)x0, u(r + iθ)) = 0.
Suppose, the restriction of A in radial gauge to the circle {r = r0} ≃ S1 is d+aθdθ,
there exist constants c, γ > 0 such that for all r0 ≥ 0,
(3) |k−10 ∂θk0 + aθ(r0, ·)| < ce−r0γ .
The above result ensures that the K-orbit Ku(∞) is well-defined.
Proposition 2.9. Let p > 1. Suppose (A, u) is a finite energy vortex on a trivial
K-bundle on the half cylinder Σ = {r+ iθ : r ≥ 0, θ ∈ S1} whose image is contained
in a compact subset of X. There is a gauge transformation k ∈ W 2,ploc (Σ,K), such
that if kA = d + a, then,
‖a‖W 1,p({n≤r≤n+1}) ≤ ce−nγ
for some positive constant c > 0 and 0 < γ < 1. Hence ‖a‖W 1,p(Σ) <∞.
Proof. We first describe a cover of Σ, in which all but a finite number of open sets
have identical geometry. On these sets, the connection can be uniformly bounded
using Uhlenbeck compactness. Fix any ǫ < 12 . Let U := {r + iθ : 1 − ǫ ≤ r ≤
2 + ǫ,−ǫ < θ < π + ǫ}. For any integer n ≥ 0,
U0,n := U + n, U1,n := U + n+ iπ,
U˜n := {r + iθ : n+ 1− ǫ ≤ r ≤ n+ 2 + ǫ,−ǫ ≤ θ ≤ 2π + ǫ},
Un := U˜n/{θ ∼ θ + 2π : −ǫ ≤ θ ≤ ǫ} ⊂ Σ.
There is an integer n0 such that ‖FA‖Lp(Uj,n) < κ for all j = 0, 1, n ≥ n0, where κ is
the constant in Uhlenbeck’s local Theorem (Theorem A.7). This bound ensures that
the connection can be put in Coulomb gauge in each of these sets. By Uhlenbeck
compactness, there is a gauge transformation gj,n on Uj,n for all n ≥ n0, j = 0, 1
such that gj,nA is in Coulomb gauge, i.e. denoting aj,n = gj,nA− d,
(4) ‖aj,n‖W 1,p(Uj,n) ≤ c‖FA‖Lp(Uj,n), d∗aj,n = 0.
The constants c, κ are independent of (j, n) because the domains Uj,n are identical
to each other. We remark that since the set Uj,n has corners, Uhlenbeck’s Theorem
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A.7 will have to be applied to closed sets with smooth boundary that are slightly
bigger than Uj,n. From Proposition 2.6, ‖FA‖Lp(Uj,n) ≤ ce−γn for some γ > 0.
Next, we patch all these gauge transformations to get one on ∪n≤n0U˜n, which is
a cover of ∪n≤n0Un ⊂ Σ. First look at one of the components of U0,n ∩ U1,n given
by π− ǫ < θ < π+ ǫ, we call these Vn. On Vn, let g1,n = eξng0,n, where ξn : Vn → k.
Let ψ be a cut-off function on [π − ǫ, π + ǫ] that is 1 in the neighborhood of π − ǫ
and supported away from π + ǫ. Let hn := e
ψξng0,n. Define a gauge transformation
gn on U˜n as being equal to hn on Vn and equal to g0,n or g1,n outside Vn. Define
an := gnA− d. We have to show that
‖an‖W 1,p(U˜n) ≤ c‖FA‖Lp(U˜n)
For this it is enough to show that ‖hn‖W 2,p(Vn) ≤ c‖FA‖Lp(U˜n), which in turn can
be shown by a similar bound on ‖ξn‖W 2,p(Vn). The inequality (4) is unchanged if
g1,n is multiplied by a constant factor. So we can assume there is a point p ∈ Vn on
which g0,n and g1,n agree and so ξn(p) = 0. We know a1,n = dξn +Adeξn a0,n. By a
standard argument (see for example proof of Lemma 2.4 in [24]), we get
‖ξn‖W 2,p(Vn) ≤ c(‖a0,n‖W 1,p(U0,n) + ‖a1,n‖W 1,p(U1,n)) ≤ c‖FA‖Lp(Un).
By a similar process, we can patch gn and gn+1 for each n and obtain a gauge
transformation on all of g˜ on U˜ = ∪nU˜n. Denote a˜ := g˜A− d. We have bounds
‖a˜‖W 1,p(U˜n) ≤ c‖FA‖Lp(Un) ≤ ce−γn.
Finally, we produce a gauge transformation on Σ. The gauge transformation
g : ∪n≥n0Un → K is defined by patching g˜ as above, but we cannot get bounds g
using the above technique. This is because for the other component of U0,n ∩ U1,n,
given by [−ǫ, ǫ] and [2π− ǫ, 2π+ ǫ], the gauge transformations may not agree at any
point as we no longer have the flexibility of modifying anything by a constant. But,
we can get a similar bound if we can show that
(5) d(g˜(r + iθ)−1g˜(r + i(θ + 2π)), Id) ≤ ce−γr.
This inequality is proved as follows. Denote by Holr the holonomy of A around the
loop [0, 2π] ∋ θ 7→ r + iθ ∈ Σ. By Proposition 2.8,
(6) d(Holr, Id) ≤ ce−γr.
Now, denote by Holnewr the holonomy of g˜A along the path [0, 2π] ∋ θ 7→ r+iθ ∈ U˜ –
note that the end points are not identified in U˜ , but since we are on a trivial bundle
there is a canonical identification between the fibers at the end points. So, we have
(7) Holnewr = g˜(r + 2πi)Holr g˜(r)
−1.
Recall Holnewr is defined as follows: denote a˜ = a˜rdr + a˜θdθ, let hr : [0, 2π] → K be
given by the ODE
h−1r
dhr
dθ
= a˜θ, hr(0) = Id,
then Holnewr := hr(2π). Since ‖a˜θ‖W 1,p(U˜n) ≤ ce−γn, we have supθ |aθ(r + iθ)| ≤
ce−γr, and this implies d(Holnewr , Id) ≤ ce−γr. Together with (6) and (7), (5) follows.
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The resulting gauge transformation g : ∪n≥n0Un → K can be extended to all of Σ.
The choice of extension is not important because we only require an asymptotic
bound. 
Corollary 2.10. Let p > 1. Suppose (A, u) ∈W 1,ploc ×W 2,ploc is a finite energy vortex
on a Riemann surface Σ with cylindrical ends whose image is contained in a com-
pact subset of X. We assume Σ ≃ Σ\{z1, . . . , zn}, where Σ is compact. Further,
for any 1 ≤ j ≤ n, let ρzj be cylindrical coordinates on the punctured neighbor-
hood N(zj)\{zj}. Then, there exists a gauge transformation k ∈ W 2,ploc (Σ,K) and
λ1, . . . , λn ∈ k so that if kA = d+ λjdθ + aj on N(zj)\{zj}, then,
(8) ‖aj‖W 1,p(ρ−1zj (n≤r≤n+1)) ≤ ce
−γn
and hence, ‖aj‖W 1,p(N(zj)\{zj}) <∞.
Proof. It is enough to assume that there is only one cylindrical end corresponding
to z ∈ Σ\Σ, so we can drop j from the notation. We fix a trivialization of the
principal K-bundle P → Σ. Apply Proposition 2.9 to the restriction of (A, u) to
the half cylinder N(z)\{z}, and call the resultant gauge transformation k1. The
homotopy equivalence class of the map k1|{r=0} : S1 → K will contain a geodesic
loop θ 7→ e−λθ, where λ ∈ 12π exp−1(Id) ⊂ k. Now, eλθk1A = d + λdθ + a and a
satisfies (8). The gauge transformation k := eλθk1 : [0,∞) × S1 → K is homotopic
to the constant identity map, so it is possible to choose an extension of k to all of
Σ. 
Corollary 2.11. Let (A, u) be a finite energy vortex as in Corollary 2.10. Assume
p satisfies 0 < 1− 2p < γ. Then, there is a principal K-bundle over Σ so that (A, u)
extends to a Lploc ×W 1,ploc gauged holomorphic map on P .
Proof. The bundle P can be defined as follows. The trivial bundle N(zj) × K is
glued to Σ×K using transition function
k : N(zj)\{zj} → K, θ 7→ e−λjθ.
On the bundle Σ ×K, A|N(zj)\{zj} = d + λjdθ + aj and aj satisfies an exponential
bound as in (8). Then, on the bundle N(zj)×K, A|N(zj )\{zj} = Ade−λjθ aj. By the
estimate (8), the one-form aj , and hence Ade−λjθ aj, are both in L
p(N(zj)). This
is because the coordinates in N(zj) are given by e
−ρj . This operation stretches
unit vectors by a factor of e−r, so the 1-form aj is in L
p(N(zj)) if −γ + 1 − 2p < 0.
Using Proposition 2.8, we can see that ku extends continuously over zj , subsequently
u ∈W 1,p(N(zj)) by elliptic regularity. 
Remark 2.12 (Equivariant homology class). Suppose (A, u) is a finite energy vortex
on a surface Σ with cylindrical ends whose image is pre-compact in X, then by the
removal of singularity Proposition 2.8 and Corollary 2.10, there is a K-bundle P on
Σ such that (A, u) extends to a gauged holomorphic map over Σ. So, [u] represents
an equivariant homology class in HK2 (X). Theorem 3.1 in [5] is also applicable,
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which says that vortices are energy minimizers in the equivariant homology class
and
(9) E(A, u) = 〈[ω − Φ], [u]〉,
where ω − Φ ∈ H2K(X) and 〈·, ·〉 is the pairing between equivariant homology and
cohomology.
3. Gromov convergence for vortices
Suppose C is a marked nodal curve and Σ is a Riemann surface with cylindrical
ends corresponding to C. A vortex on Σ is a tuple (Aα, uα)α∈Vert(C) of finite energy
vortices defined on the components of Σ that satisfy the connectedness condition :
(10) Kuι(w+)(w
+) = Kuι(w−)(w
−), ∀w ∈ Edge(C).
To compactify the space of vortices on Riemann surfaces with cylindrical ends, we
need to allow breaking of cylinders at marked points and nodes. We illustrate this
phenomena in a simplified setting. Let (Aν , uν) be a sequence of vortices on Σ whose
energy is bounded. The limiting object (A∞, u∞) will be a stable vortex, consisting
of a vortex defined on each component Σα in Σ. In addition,
(a) at any marked point z ∈ Edge∞(C), there may be a path of cylindrical
vortices (vortices on S1 × R).
(b) Any edge w ∈ Edge(C) may be replaced by a path of cylindrical vortices
joining w+ to w−.
Assumption 3.1. In Sections 3, 4 and 5, (X,ω, J) is an aspherical K-Hamiltonian
symplectic manifold with a K-invariant almost complex structure J . Refer to Re-
mark 5.2 for the case that X has spheres.
We now rigorously define stable vortices. A pre-stable curve C is a nodal curve with
n-marked points such that any unstable component of C is a sphere with two special
points. Suppose C is modeled on the graph Γ. Denote by Γcyl the graph induced
by the unstable components Vert(Γ)\Vert(st(Γ)). Γcyl is a collection of paths, each
path is of one of the following form (corresponding to (a) and (b) above).
(a) A path may be attached to the graph Γ\Γcyl at one end and the other end
of the path has a marked point z. We denote this path by Γcylz .
(b) A path may be attached to Γ\Γcyl at both ends. Contracting the path
produces a node w in st(Γ). We denote this path by Γcylw .
For our convenience, we label the vertices in these paths as αx,1, . . . , αx,|C(x)| for any
x ∈ Edge(st(Γ))∪Edge∞(st(Γ)) satisfying the following convention. If x is a marked
point in st(Γ), then x lies on the vertex αx,|C(x)| and the vertex αx,1 has an edge to
Γ\Γcyl. If x = x+x− is an edge in st(Γ), then αx,1 (resp. αx,|C(x)|) is attached to
Γ\Γcyl at x+ (resp. x−).
Given a pre-stable curve C, a Riemann surface Σ with cylindrical ends can be
associated to it. As earlier, as a complex curve Σ is just C with all special points
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deleted. On the stable components of C, we use the neck-stretching metric corre-
sponding to st(C). For any unstable component C1 with marked points z0, z1, we
use the pull-back metric ρ∗(dr2 + dθ2), where ρ is a bi-holomorphism
ρ : C1\{z0, z1} → {(r, θ) : r ∈ R, θ ∈ S1}
such that limr→−∞ ρ
−1(r, θ) = z0 and limr→∞ ρ
−1(r, θ) = z1. The map ρ is unique
up to translation by a constant (r0, θ0), hence the pull-back metric is uniquely de-
termined.
Definition 3.2 (Stable vortex). Let C be a pre-stable n-pointed curve of genus g.
A stable vortex on C has domain Σ, which is a Riemann surface with cylindrical
ends corresponding to C. A stable vortex on C is a tuple of finite energy vortices
(Aα, uα)α∈Vert(Γ(C)) defined on the principal K-bundles Σα × K that satisfy the
connectedness condition :
Kuι(w+)(w
+) = Kuι(w−)(w
−) ∀w ∈ Edge(Γ(C)).
In addition, for an unstable component α ∈ Γcyl, the vortex (Aα, uα) has non-zero
energy.
To define convergence on a sequence of Riemann surfaces, these surfaces must be
identified to each other. For a Riemann surface Σ with cylindrical ends, we denote
by Cyl(Σ) the parts that are isometric to parts of a cylinder.
Lemma 3.3 (Identification of curves in a neighborhood of a stable curve C). Sup-
pose C is an n-pointed stable nodal genus g curve and Def(C) be a universal de-
formation parametrized by (S, 0), where S is a neighborhood of the origin in CN .
Let Σs be the Riemann surface with cylindrical ends corresponding to the curve Cs,
s ∈ S. For a small enough neighborhood S, for any α ∈ Vert(C), there is a family
of connected open subsets Σ˜s,α ⊂ Σα and diffeomorphisms
(11) hs :
(⊔
α
Σ˜s,α
)
/ ∼→ Σs
where ∼ is an isometric equivalence relation defined on ⊔αCyl(Σ˜s,α). The map (11)
is an isometry when restricted to Cyl(Σ˜s,α) on the l.h.s. and Cyl(Σs) on the r.h.s.
For s = 0, Σ˜0,α = Σ0,α and h0 = Id.
Proof. Suppose the nodal curve C is of type Γ and DefΓ(C) be a universal de-
formation of type Γ parametrized by (SΓ, 0). Then, there is a smooth family of
diffeomorphisms
(12) hs : Cs → C0, s ∈ SΓ, h0 = Id
satisfying the condition that hs preserves special points. Further, hs can be chosen
such that in a punctured neighborhood N(z)\{z} of any special point z = zj , w±j ,
hs is an isometry under the neck-stretching metric. Set Σ˜s,α := Σα and ∼ to be
trivial. This proves the lemma for s ∈ SΓ.
Next, consider s ∈ S such that Cs can be obtained from C0 ≃ C by the gluing
procedure. Suppose δ(s) is the gluing parameter used to produce Cs from C. We
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write δ(s) = (δw(s))w∈Edge(C), where δw ∈ Tw+C˜ι(w+) ⊗ Tw−C˜ι(w−) and C˜ denotes
the normalization of C. Let
(13) Σ˜s,α = Σα\
( ⋃
w±:ι(w±)=α
(ρw±)
−1{r + iθ : ±r > Re(lw(s)), θ ∈ S1}
)
,
where lw(s) = − ln δw(s). Then, there is an isometry hs : Σs ≃ (
⊔
α∈Vert(C) Σ˜s,α)/ ∼,
where ∼ is an equivalence relation like in (2) corresponding to every edge in Γ(C).
Note that lw(s)→∞ as s→ 0.
Finally, we consider a general s ∈ S. There is an s′ ∈ SΓ such that Cs is obtained
from Cs′ by the gluing procedure. Apply the discussion is the previous paragraph,
with C0 replaced by Cs′ . The resulting isometry can be composed with hs′ in (12)
to obtain the result of the lemma. 
The benefit of the construction in Lemma 3.3 is that, now Σ˜s,α is isometrically
embedded in (Σ, gs). A gauged holomorphic map w defined on Σs can be pulled
back to one on Σ˜s,1∪· · ·∪ Σ˜s,k and restricted to Σ˜s,α – this object is also denoted by
w. So, it is possible to talk about convergence of a sequence of vortices defined on
Σs(ν), where the sequence s(ν)→ 0 as ν →∞. The limit will be a stable vortex on
Σ. For simplicity of exposition, we assume the curves Cs(ν) are smooth in Definition
3.4.
Definition 3.4 (Gromov Convergence). Suppose {Cν}ν∈N be a sequence of smooth
n-pointed curves of genus g and C is a pre-stable nodal curve such that the sequence
[Cν ] converges to [st(C)] in Mg,n. Let Σν, Σ be Riemann surfaces with cylindrical
ends corresponding to Cν , C. Let vν := (Aν , uν) be a sequence of vortices on
the trivial bundle Σν × G. We say the sequence Gromov converges to a stable
vortex v := ((vα)α∈Vert(C), (zj)1≤j≤n) on Σ if on a deformation of the curve st(C)
parametrized by (S, 0) one can find a sequence in S, s(ν) → 0, such that there are
isomorphisms Cν ≃ Cs(ν) and the following are satisfied
(a) (Convergence on stable domain components) For each α ∈ Vert(st(C)), there
exist a sequence of gauge transformations kν,α on Σ˜ν,α so that kν,α(Aν,α, uν,α)
converges in C∞ to (Aα, uα) on compact subsets of Σα. Here, Σ˜ν,α := Σ˜s(ν),α
defined in Lemma 3.3.
(b) (Convergence on cylindrical bubbles at marked points) For every α ∈ Γcylz
for some z ∈ Edge∞(st(C)), there exist
• a sequence of numbers sν,α →∞ which define a sequence of translations
φν,α : ((−sν,α,∞)× S1)α → (S1 × R≥0)z ,
z 7→ z + sν,α
mapping a part of Σα to the cylindrical end corresponding to z.
• a sequence of gauge transformations kν,α so that kν,α(φ∗ν,α(Aν , uν)) con-
verges to (Aα, uα) on compact subsets of (S
1 × R)α.
(c) (Convergence on cylindrical bubbles at nodes) For every α ∈ Γcylw for some
w ∈ Edge(st(C)), there exist
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• a sequence of numbers 0 < sν,α < lw(ν) such that sν,α, lw(ν)−sν,α →∞
as ν →∞, which define a sequence of translations
φν,α : ((−sν,α, lw(ν)− sν,α)× S1)α → ((0, lw(ν))× S1)w+
z 7→ z + sν,α
mapping a part of Σα to the cylindrical end corresponding to w
+. The
notation lw(ν) is same as that in the proof of Lemma 3.3.
• a sequence of gauge transformations kν,α so that kν,α(φ∗ν,α(Aν , uν)) con-
verges to (Aα, uα) on compact subsets of (S
1 × R)α.
(d) (Rescaling) Let α, β ∈ Γcylγ be distinct unstable component connected to
γ, which is either a node or marked point in st(C). Suppose α < β, then
sν,β − sν,α →∞ as ν →∞.
(e) (Energy) limν→∞E(Aν , uν) =
∑
α∈Vert(Γ) E((Aα, uα)).
Remark 3.5. The definition of Gromov convergence is independent of the choice of
h in (12).
The main Theorem is
Theorem 3.6 (Gromov compactness). Suppose {Cν}ν∈N are smooth n-pointed genus
g curves and C ′ is a stable nodal curve such that [Cν ] → [C ′] in Mg,n. Suppose
vν = (Aν , uν) is a sequence of vortices defined on Σν, the Riemann surface with
cylindrical ends corresponding to Cν, that satisfy
sup
ν
E(vν) <∞,
and there is a compact subset of X containing the images of uν. Then, after passing
to a subsequence, the sequence Gromov-converges to a stable vortex v = (A, u) on
Σ, which is a Riemann surface with cylindrical ends corresponding to a pre-stable
curve C, such that st(C) = C ′.
Theorem 3.6 follows from Proposition 4.1, Proposition 4.4 and Proposition 4.5,
they respectively prove conditions (a), (b) and (c) in Gromov Convergence. The
other two conditions are ensured along the way. The next Proposition proves that
evaluation maps are continuous under the Gromov topology, and the equivariant
homology class [uν ] is preserved in the limit.
Proposition 3.7 (Continuity of evj). Assume the setting of Theorem 3.6.
(a) For each of the marked points z1, . . . , zn, limν→∞ evj(Aν , uν) = evj(A, u).
(b) If [uν ] = β ∈ HK2 (X) for all ν, then [u] = β.
The proof of this Proposition appears in Section 4.
Remark 3.8. We have defined Gromov convergence and stated the Gromov com-
pactness theorem in the case when the sequence of vortices (Aν , uν) is defined on
smooth curves and the limit stable vortex is defined on a possibly nodal curve. The
definition and result can both be generalized to the case when (Aν , uν) are stable
vortices on possibly nodal curves by applying the same ideas component-wise. After
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proving Theorems 3.6 and 3.7, we will have a compact space MV
K
g,n(X,β) of stable
vortices modulo gauge transformations.
4. Proof of Gromov compactness
4.1. Convergence modulo breaking of cylinders.
Proposition 4.1 (Convergence of vortices modulo breaking of cylinders). Let Σν, Σ
′
be Riemann surfaces with cylindrical ends corresponding to curves Cν, C
′ respectively
in Theorem 3.6. Let vν := (Aν , uν) be a sequence of vortices on the trivial bundle
Σν ×G that satisfy
sup
ν
E(vν) <∞.
The images of uν are contained in a compact subset of X.
After passing to a subsequence, there exists a vortex v := (A, u) on Σ′ (possibly not
satisfying the connectedness condition (10)) and a sequence of gauge transformations
kν ∈ K(P ) such that kν(Aν , uν) converges to (A, u) in C∞ on compact subsets of Σ′.
Further,
lim
ν→∞
E(vν) = E(v) +
∑
z∈Edge∞(Σ
′)
Ez +
m∑
w∈Edge(Σ′)
Ew,
where Ez and Ew are defined as
Ez := lim
R→∞
lim
ν→∞
E((Aν , uν), ρ
−1
z {s > R}),
Ew := lim
R→∞
lim
ν→∞
E((Aν , uν), ρ
−1
w {R < s < lw(ν)}).
The proof of this Theorem is analogous to proof of Proposition 37 in [31]. It uses
a combination of Uhlenbeck compactness on non-compact domains (Theorem A’ in
[26]) and elliptic regularity on uν . The only difference here is that the metric on Σ
is not fixed – but this does not create any changes because Uhlenbeck compactness
([26]) and elliptic regularity for pseudoholomorphic curves (Proposition B.4.2 in [17])
are valid when we have a sequence of converging metrics.
4.2. Breaking of cylinders. In Proposition 4.1, Ez and Ew represent energy that
escapes to infinity on cylindrical ends. This leads to breaking of cylinders. To
analyze that, we need quantization of energy for vortices on a cylinder and that the
ends of the cylinders connect in the image.
Proposition 4.2. For any compact set S ⊂ X, there exists constants C, δ, EC > 0
that satisfy the following:
(a) (Annulus Lemma) For a finite energy vortex (A, u) on the cylinder R ×
S1 whose image is contained in S and any s0, s1 ∈ R such that E :=
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E((A, u), [s0, s1]× S1) < EC , then for any T > 0
E((A, u), [s0 + T, s1 − T ]× S1) ≤ Ce−δTE
sup
z,z′∈[s0+T,s1−T ]×S1
d(Ku(z),Ku(z′)) ≤ Ce−δT
√
E
(b) (Quantization of energy for vortices) If E((A, u),R × S1) < EC . Then,
E(A, u) = 0.
Proof. The proof of (a) is identical to the proof of the corresponding result for
vortices in C in [31]. To prove (b) consider a vortex (A, u) on R × S1 satisfying
E(A, u) ≤ EC . For any s0 < s1 and T > 0, by part (a),
E((A, u), [s0, s1]× S1) ≤ Ce−δTE((A, u), [s0 − T, s1 + T ]× S1) ≤ Ce−δTEC .
It follows that E(A, u, [s0, s1]) = 0. Since the choice of s0, s1 is arbitrary, E(A, u) =
0. 
Lemma 4.3 (Breaking of cylinders). Suppose vν := (Aν , uν) is a sequence of vortices
on Σ0 = [0,∞)×S1 whose images are contained in a compact subset of X. Assume
further that the sequence vν C
∞-converges to v := (A, u) in compact subsets of
[0,∞) × S1. Suppose
(14) m0 := lim
R→∞
limsupν→∞E((Aν , uν), [R,∞)× S1) > 0.
Then, after passing to a sub-sequence, there exists a finite energy non-constant vortex
(A1, u1) on a cylinder Σ1 = (R× S1), a sequence of translations φν : [0,∞)× S1 →
R × S1 given by r + iθ 7→ r + sν + iθ with limν sν = ∞ such that the following are
satisfied:
(a) Let (A1ν , u
1
ν) := φ
∗
ν(Aν , uν). There is a sequence of gauge transformations
kν so that kν(A
1
ν , u
1
ν) converges to a non-constant vortex (A
1, u1) in C∞ on
compact subsets of R× S1.
(b) Let m1 := limR→∞ limsupν→∞E((A
1
ν , u
1
ν), [R,∞) × S1). Then,
m0 = E(A
1, u1) +m1.
(c) Ku(∞) = Ku1(−∞).
Suppose s′ν → ∞ be another sequence such that (a)-(c) are satisfied when sν is
replaced by s′ν. Then, the sequence |sν − s′ν| is bounded.
Proof. The proof runs parallel to the proof of Proposition 4.7.1 in [17]. Pick 0 <
δ < min{EC ,m0} (from Proposition 4.2). Define the sequence sν as
(15) E(vν , [sν ,∞)× S1) = m0 − δ
2
.
Step 1: limR→∞ limν→∞E(vν , [sν −R,∞)× S1) = m0.
We observe that (14) implies that for any sequence Rν →∞,
lim
ν→∞
E(vν , [Rν ,∞)× S1) ≤ m0
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and there exists a sequence σν →∞ for which equality is attained. i.e.
(16) lim
ν→∞
E(vν , [σν ,∞)× S1) = m0.
This implies for every T ≥ 0,
(17) lim
ν→∞
E(vν , [σν − T,∞)× S1) = m0.
The result of step 1 would be true if sν − σν is bounded above. So, we assume
limν(sν − σν) =∞. From (15) and (16),
(18) lim
ν→∞
E(vν , [σν , sν)× S1) = δ
2
.
We split up the cylinders [σν , sν ]×S1 into 3 parts and show that in the limit all the
energy is focused in the part at the sν end. First, we handle the middle part. By
the annulus lemma (Proposition 4.2 (a)), there exist constants c, δ > 0 so that for
any T > 0,
(19) lim
ν→∞
E(vν , [σν + T, sν − T ]× S1) ≤ δ
2
ce−δT
For the part at the σν-end, we prove the following.
Claim.
lim
ν→∞
E(vν , [σν , σν + T ]× S1) = 0
for all T ≥ 0.
Proof. Consider the sequence of re-scaled vortices v˜ν(z) := vν(z+ σν). Then, for all
T ≥ 0,
lim
ν→∞
E(v˜ν , [−T, T ]× S1) = lim
ν→∞
E(vν , [σν − T, σν + T ]× S1)
≤ lim
ν→∞
E(vν , [σν − T, sν ])
≤ δ
2
,
where the last inequality follows from (15) and (17). By quantization of energy
(Proposition 4.2), the above limit is 0. So, the claim follows. 
Together with (18) and (19), this implies, for all T ≥ 0
(20) lim
ν→∞
E(vν , [sν − T, sν ]) ≥ δ
2
(1− ce−δT ).
Step 1 is proved because, for all T ≥ 0
m0 ≥ lim
ν→∞
E(vν , [sν − T,∞)× S1) ≥ m0 − δce
−δT
2
.
Step 2: Proof of (a)-(c).
Let v1ν(z) := vν(z + sν), then Step 1 implies that
lim
R→∞
lim
ν→∞
E(v1ν , (−R,∞)× S1) = m0.
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Repeating the steps in the proof of Proposition 4.1, parts (a) and (b) of the Proposi-
tion follow. v1 is non-constant, because E(v1, (−∞, 0]) = limν E(v1ν , (−∞, 0]×S1) =
δ
2 > 0. Now we come to (c). Define
E(R) = lim
ν→∞
E(uν , [R, sν −R]× S1).
Then,
E(R) = E(u, (R,∞) × S1) + E(v(−∞,−R)).
So, limR→∞E(R) = 0. For large enough R, apply the annulus lemma on uν on the
cylinder [R − 1, sν −R+ 1] with T = 1. Then,
sup
z,z′∈[R,sν−R]×S1
d(Kuν(z),Kuν(z
′)) ≤ Ce−δ
√
Eν(R − 1)
Taking limit ν →∞,
sup
Re(z)≥R,Re(z′)≤−R
d(Ku(z),Ku1(z′)) ≤ Ce−δ
√
E(R − 1).
Letting R→∞, we get Ku(∞) = Ku1(−∞).
Step 3: Proof of boundedness of |sν − s′ν|.
It is not possible to have a subsequence for which limν(s
′
ν − sν) = ∞, because
then the energy of the bubble (A1, u1) (which is non-zero) would be lost. So, lets
assume there is a subsequence such that limν(sν − s′ν) = ∞. In Step 1, we showed
limν(sν − σν) is finite, so s′ν < σν . Therefore,
lim
ν→∞
E(vν , [s
′
ν ,∞)× S1) = m0.
By the same arguments as were used for σν , we can say limν(sν − s′ν) is finite. 
Lemma 4.3 captures the first cylindrical bubble (A1, u1). If m1 is positive, then
the process can be repeated to capture the next bubble. Each cylindrical bubble
has energy at least EC , by Proposition 4.2. So, after a finite number of steps the
process terminates. Thus we have proved the following.
Proposition 4.4 (Breaking of cylinders at marked points). Suppose vν = (Aν , uν)
is a sequence of vortices on the trivial K bundle on the cylinder Σ := [0,∞) ×
S1 whose images are contained in a compact subset of X and whose energies are
bounded. Then, there is a stable vortex (A, u) modeled on the graph {Σ} ∪ Γcyl
so that a subsequence of (Aν , uν) Gromov-converges to (A, u), except there is no
stability requirement on Σ. Here Γcyl consists of a path of |Γcyl| cylindrical vertices
{α1, . . . , αΓcyl} and α1 is connected to Σ.
For the set-up of the next Proposition, suppose lν = Lν + itν ∈ R≥0 × S1 be a
sequence such that limν→∞ Lν =∞. Let Σ+ν = [0, Lν ]× S1 and Σ−ν = [−Lν , 0]× S1
identified to each other by the isomorphism
rν : Σ
−
ν → Σ+ν , z 7→ z + lν .
Let Σ+ and Σ− denote R≥0 × S1 and R≤0 × S1 respectively.
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Proposition 4.5 (Breaking of cylinders at nodal points). Suppose vν := (Aν , uν)
be a sequence of vortices on the trivial bundle Σ+ν ×K whose images are contained
in a compact subset of X. Then, there is a stable vortex (A, u) modeled on the tree
{Σ+,Σ−}∪Γcyl so that a subsequence of (Aν , uν) Gromov-converges to (A, u), except
there is no stability requirement on Σ+ and Σ−. Here, Γcyl is a path connecting Σ+
and Σ− with nodes {α1, . . . , α|Γcyl|}.
Proof. The first step is to show convergence modulo bubbling on the surfaces Σ±.
By Proposition 4.1, there are sequences of gauge transformations k±ν such that k
+
ν vν
(resp. k−ν (r
∗
νvν)) converges to a finite energy vortex v
+ (resp. v−) smoothly on
compact subsets of Σ+ (resp. Σ−). The following limit
m0 := lim
R→∞
limsupν→∞E((Aν , uν), [R,Lν)× S1).
exists and satisfies
(21) lim
ν→∞
E(vν , [0, Lν ]) = E(vΣ+) +m0.
The rest of the proof of the Proposition is by induction on the integer ⌊m0EC ⌋, whereEC
is from the Proposition 4.2. The number ⌊m0EC ⌋ is an upper bound on the number of
vertices in Γcyl. If m0 > 0, as in the proof of Lemma 4.3, pick 0 < δ < min{EC ,m0}
and define a sequence 0 < sν < Lν that satisfies
E((Aν , uν), [sν ,∞)× S1) = m0 − δ
2
.
We divide our analysis into three cases. In the first case there are cylindrical
bubbles, i.e. Γcyl 6= ∅. In the second case, there are no cylindrical bubbles, and
the energy m0 is contained in the limit vortex v
− defined on Σ−. In the third case,
where m0 = 0, there are no cylindrical bubbles and the limit vortex on Σ
− is a
constant vortex.
Case 1: m0 > 0 and limν→∞(Lν − sν) =∞.
In this case, the proof of Lemma 4.3 is applicable. So, the conclusions carry over:
Modulo gauge, the sequence v1ν := vν(· + sν) converges to a vortex v1 := (A1, u1)
defined on S1 × R.
(22) m0 = E(v
1) +m1, where m1 := lim
R→∞
limsupν→∞E(v
1
ν , [R,Lν − sν)× S1).
The cylindrical vortex v1 is non-constant and satisfies Ku+(∞) = u1(−∞). It is the
first cylindrical vortex in the path connecting Σ+ to Σ− and is represented by the
vertex α1 ∈ Γcyl. We set sν,α1 := sν . Pick R′0 so that E(v1, {s < R′0}) > EC . By the
induction hypothesis, the Proposition is true for the sequence of vortices v1ν defined
on [R′0, Lν − sν ]. This would give us a path of cylindrical vertices connecting Σα1 to
Σ− – we label the vertices {α2, . . . , α|Γcyl|}. We have a sequence of translation maps
Σαi → Σα1 for i > 1. These translation maps can be composed with the sequence
φν,α1 : ((−sν,α1 , Lν − sν,α1)× S1)α1 → ((0, Lν)× S1)Σ+ , z 7→ z + sν,α1
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to yield φν,αi for i = 2, . . . , |Γcyl|. From the induction hypothesis, we obtain
m1 =
∑
2≤i≤|Γcyl|
E(vi) + E(vΣ−).
Combined with (22) and (21), this establishes the energy equality for Gromov con-
vergence.
Case 2: m0 > 0 and limν→∞(Lν − sν) = L <∞.
In this case Γcyl = ∅. The sequences vν(·+ sν) and vν(· + lν) (recall lν = Lν + itν)
will have the same limit up to reparametrization. But vν(· + lν) = r∗νvν . Imitating
the proof of Lemma 4.3, we get m0 = E(v
−) and Ku+(∞) = Ku−(−∞).
Case 3: m0 = 0
If m0 = 0, we have
lim
ν→∞
E(r∗νvν , [0, 1] × S1) = limν→∞E(vν , [Lν − 1, Lν ]× S
1) = 0.
So, E(v−) = 0, and u− maps to Ku+(∞). 
We next prove Proposition 3.7 : this is about the continuity of the evaluation
map and preservation of homology class under Gromov convergence.
Proof of Proposition 3.7 (a). We focus on a marked point z0 and a sequence of vor-
tices vν = (Aν , uν) defined on trivial K-bundles on cylinders [0,∞) × S1. The
Proposition is equivalent to showing – ‘Given vν converges to v = (A, u) in C
∞ on
compact subsets of [0,∞) × S1 and
(23) lim
R→∞
lim
ν→∞
E(vν , [R,∞)× S1) = 0,
then limν→∞Guν(∞) = Gu(∞).’ First, we observe that the limits Kuν(∞), Ku(∞)
exist using the removal of singularity theorem (Proposition 2.8). Next, using (23)
and the annulus lemma (Proposition 4.2 (a)), the convergence Kuν(re
iθ)→ Guν(∞)
as r →∞ is uniform for all ν. This proves the result. 
Proof of Proposition 3.7 (b). The conservation of equivariant homology class can be
proved in a way similar to chapter 5 in Ziltener’s thesis [30]. But, the proof is quite
transparent if the sequence of vortices (Aν , uν) is part of a continuous family as in
the quasimap case. We use that to give an indirect proof in the cases when X is
affine. In the proof of Theorem 0.2 in section 7, we show that
Ψ :
⊔
β∈HG2 (X)
Qmap(X//G, β)→
⊔
β∈HK2 (X)
MV K(X,β)
is continuous, bijective and preserves β, without using the compactness ofMV K(X,β).
The compactness ofMV K(X,β) is now implied by the compactness ofQmap(X//G, β),
which is proved in [6] when X is affine. 
We finally show that the Gromov limit is unique.
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Lemma 4.6 (Uniqueness of Gromov limit). Assume the setting in Theorem 3.6.
Suppose the sequence of vortices (Aν , uν) converges to a stable vortex (A, u). Then
this limit is unique up to 1) gauge transformations, 2) translation on cylindrical
components i.e. α ∈ Γcyl, 3) action of the finite automorphism group on C.
Proof. In Proposition 4.1, suppose (Aν , uν) is a converging sub-sequence. The limit
(A, u) is unique up to gauge transformation because: A is unique up to gauge
since the space A/K is Hausdorff (see Lemma 4.2.4 in [8]). Once we know gauge
transformations kν such that kνAν converges to A, then the limit kνuν , if it exists,
is obviously unique. Suppose k′ν is another sequence of gauge transformations for
which k′νAν converges to A∞. By arguments in the proof of Lemma 4.2.4 in [8],
after passing to a subsequence, k′νk
−1
ν converge to a limit k∞. Then, the sequence
k′ν(Aν , uν) converges to k∞(A, u), i.e. the limit is still in the same gauge equivalence
class. We remark that in such a situation k∞ is a stabilizer of the connection A∞.
Next, consider the formation of cylindrical bubbles. By Lemma 4.3, the choice of
the sequence {sν}ν is unique in the following sense. If there is another sequence s′ν
for which part (a)-(c) of Lemma 4.3 are satisfied, then after passing to a subsequence
limν s
′
ν − sν = L <∞. In that case, the limit v′1 will just be a re-reparametrization
of v : v1(·) = v(L+ ·). The rest of cylinder-breaking proof is an application of this
Lemma, and hence the limit stable vortex is unique up to translation on cylindrical
components.
Finally, we consider the action of the finite group Aut(st(C)). Let CS → (S, 0)
be a deformation of the curve st(C), with an isomorphism st(C) ≃ C0. Recall
that the action of Aut(st(C)) extends to an equivariant action on CS → S (after
possibly shrinking S). The sequence s(ν) ∈ S can be replaced by γ · s(ν), where
γ ∈ Aut(C). Then the Gromov limit is pulled back by the action of γ on the stable
components. 
5. MV
K
g,n(X) is Hausdorff
On the space MV Kg,n(X), Gromov topology is defined as: a set S ⊂MV Kg,n(X) is
closed if for any Gromov convergent sequence in S, the limit also lies in S. In this
section we show
Proposition 5.1. On MV
K
g,n(X), convergence in the Gromov topology coincides
with Gromov convergence. MV
K
g,n(X) is Hausdorff under this topology.
At a first glance, the first statement may appear obvious. But it is true only if we
know beforehand that MV
K
g,n(X) is Hausdorff and first countable – see discussion
in Section 5.6 of [17]. We follow the approach in [17], borrowing some ideas from
[14]. For any stable vortex v := (A, u) on a Riemann surface with cylindrical ends
Σ (corresponding to pre-stable nodal curve C) modeled on a graph Γ, we define a
function
dv : MV
K
g,n(X)→ [0,∞]
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that approximates ‘distance from v’. The function dv satisfies the following:
D1: dv(v) = 0.
D2: A sequence vν := (Aν , uν) in MV
K
g,n(X) Gromov converges to v if and
only if limν→∞ dv(vν) = 0.
D3: If a sequence vν in MV
K
g,n(X) Gromov converges to v
′ := (A′, u′), then
lim supν→∞ dv(vν) ≤ dv(v′).
In addition, if we know that Gromov limits are unique, then Proposition 5.1 follows
using Proposition 5.6.5 in [17].
Suppose v0 := (A0, u0) is a stable vortex defined on Σ0, a Riemann surface with
cylindrical ends corresponding to a pre-stable curve C0 and modular graph Γ0. The
forgetful map ft : MV
K
g,n(X) → Mg,n is continuous. Since the properties D1-D3
are regarding a small neighborhood of v, dv can be defined so that dv(v0) is finite
only if ft(v0) is in an open neighborhood Sst(C) ⊂Mg,n of [st(C)]. We assume Sst(C)
is small enough that there is a morphism of modular graphs st(Γ)
f→ st(Γ0) and
Lemma 3.3 applies on Sst(C). We can write st(Σ0) =
⊔
α∈Vert(st(Γ)) Σ˜0,α/ ∼, so that
Σ˜0,α ⊂ (st(Σ), gΣ0). Notice that Σ˜0 := ∪α∈Vert(st(Γ))Σ˜0,α ∪ ∪α∈Γcyl0 (R × S
1)α is a
cover of Σ0.
To compute dv(v0), we stabilize the domains of v and v0 by adding some marked
points. On C, the domain curve of v, we add k marked points x = (xα)α∈Γcyl –
one on each unstable cylindrical component Σα. Now, [(C, x)] ∈ Mg,n+k. Next, we
choose k additional marked points x0 on Σ0, calculate dv(v0;x, x0) and then take
infimum over all choices. The marked points x0 ∈ C0 are chosen in a way that
• the n+ k-marked nodal curve (C0, x0) is stable.
• The morphism f can be extended to Γ′ f→ Γ′0, where Γ′ (resp. Γ′0) is the
graph Γ (resp. Γ0) with the additional marked points.
• All the marked points x0 lie in Cyl(Σ0), the cylindrical part of Σ0.
Given a choice of marked points x0 on the domain of v0, we construct an exhausting
sequence of increasing pre-compact subsets of Σ˜0, denoted by ΣL,x,x0 , where L ∈
Z≥0. The Riemann surface ΣL,x,x0 is the disjoint union of the following:
ΣL,x,x0,α =


Σ˜0,α\(∪z∈Edge∞(st(Γ))ρ−1z {r > L}∪
∪w∈Edge(st(Γ))ρ−1w±{±r > L}) α ∈ vert(st(Γ))
{x0,α + z : |Re(z)| ≤ L} ∩ Cyl(Σ0) α ∈ Γcyl.
The Riemann surface ΣL,x,x0 can be embedded in Σ. The embedding has been
discussed above for the components α ∈ Vert(st(Γ)). For α ∈ Γcyl, the embedding is
isometrically induced by identifying the marked point x0,α with xα. Any principal
K-bundle over ΣL,x,x0 is trivial. One can now consider the restriction of the vortices
v and v0 to the bundle ΣL,x,x0 ×K, this involves making a choice of gauge both for
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v and v0. Define
dv(v0;x, x0, L) := ‖A0 −A‖C1(ΣL,x,x0) + ‖dX(u0, u)‖C0(ΣL,x,x0 ),
dv(v0;x, x0) := inf
k∈K(Σ)
∑
L∈Z≥0
2−L
dkv(v0;x, x0, L)
1 + dkv(v0;x, x0, L)
.
Finally, we define dv : MV
K
g,n(X)→ [0,∞] as
(24) dv(v0) := inf
x,x0
(dv(v0;x, x0) + dMg,n+k([(C, x)], [(C0, x0)])).
Proof of Proposition 5.1. : By the definition of dv , it is easy to see that D1-D3 are
satisfied. By Lemma 4.6, Gromov limits are unique up to gauge transformation.
The proof follows using Proposition 5.6.5 in [17]. 
Proof of Theorem 0.1. Theorem 0.1 follows from Theorem 3.6, Proposition 3.7 and *****
Proposition 5.1. We examine the hypothesis of the compactness result (Theorem
3.6). The energy bound follows from the fact that for vortices, energy is constant on
an equivariant homology class (see (9)). The images of the sequence of vortices is
contained in a compact subset of X, since X is equivariantly convex and the moment
map is proper (see Lemma 2.7 in [4]). 
Remark 5.2. In case X has spheres, i.e. π2(X) is non-trivial, then the limit of a
sequence of vortices may have sphere bubbling in the X-fibers of the bundle P (X).
In order to incorporate this into our set-up, we first have to expand the definition
of a pre-stable modular graph. In addition to allowing unstable cylindrical vertices,
we also require unstable spherical vertices, we call the subgraph of spherical vertices
Γsphere. The modular graph obtained by deleting the spherical vertices Γ\Γsphere
is connected. Each connected component of Γspherex is a tree that is attached to a
unique point x on the curve corresponding to Γ\Γsphere. The graph Γsphere does not
contain any marked points. A stable vortex now has a sphere bubble tree in the fiber
P (X)x modeled on Γ
sphere
x . The details of the convergence are proved by Ott [20]
using the following technique: a vortex (Aν , uν) can be viewed as a JAν -holomorphic
curve from C to P (X). Here JAν is the complex structure on P (X) corresponding
to the Dolbeault operator ∂Aν and the sequence JAν converges to JA. Now, one can
apply the result of Gromov convergence of J-holomorphic curves. In this expanded
setting with sphere bubbles, one can still prove that the Gromov limit is unique and
the space of stable vortices is Hausdorff. The proof is similar to the corresponding
proof for J-holomorphic curves carried out in [17].
6. Quasimaps
In this section, we define quasimaps and recall why the moduli space of stable
quasimaps is proper. For details, refer to the paper by Ciocan-Fontanine, Kim and
Maulik [6]. Suppose X is an affine variety and G a connected reductive complex
algebraic group acting on X. Let θ : G → C× be a character. It gives a one-
dimensional representation Cθ of G, and hence a G-equivariant polarization line
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bundle Lθ = X × Cθ. The GIT quotient is defined as in King [15]. Let S(Lθ) :=
⊕n≥0Γ(X,Lnθ )G, then
X//G := X//θG := Proj(S(Lθ))
is a quasi-projective variety. Suppose A is a ring such that X = Spec(A), and
AG ⊂ A be the ring of G-invariant elements. Then the affine quotient is X/affG :=
Spec(AG). Since AG is the zeroth graded piece of S(Lθ), we have a projective
morphism X//G → X/affG. The quotient X//G is projective exactly when X/affG
is a point, i.e. AG only consists of constants.
The semistable locus Xss(θ) is defined as the set of points x ∈ X for which there
exists f ∈ Γ(X,Lnθ )G, n ≥ 1 satisfying f(x) 6= 0. The stable locus Xs(θ) consists of
points x ∈ Xss(θ) for which the orbit Gx ⊂ Xss(θ) is closed and the stabilizer group
of x is finite.
Assumption 6.1. In Sections 6 and 7, X is an affine variety with an action of a
reductive group G and a character θ : G→ C×. Further,
(a) Xss(θ) = Xs(θ), G acts freely on Xss.
(b) X//G is projective.
In Assumption 6.1, part (a) is same as the assumptions in [6]. Part (b) is put
in place to simplify presentation, as this case captures all the technical aspects.
Section 7.5 discusses how this assumption can be removed. Part (a) of the above
assumption implies that X//G is the orbit space of the G action on Xss and it is a
smooth manifold.
Definition 6.2. Given integers g, n ≥ 0 and a class β ∈ HG2 (X), an n-pointed
genus g quasimap of class β to X//G consists of the data (C, p1, . . . , pn, P, u), where
• (C, p1, . . . , pn) is a nodal curve of genus g with n marked points,
• P is a principal G-bundle on C,
• u ∈ Γ(C,P ×G X) such that (P, u) is of class β,
satisfying: there is a finite set B so that u(C\B) ⊂ P ×G Xss. The points in
B are called the base points of the quasimap. For a component C ′ ⊂ C, u is
constant if it does not have base points and πG ◦ u : C ′ → X//G is a constant. Here
πG : X
ss → X//G is the projection map. The quasimap (C, p1, . . . , pn, P, u) is stable
if the base points are disjoint from the nodes and markings on C and
• every genus 0 component C ′ of C has at least 2 marked or nodal points. If
it has exactly 2 special points, then u is non-constant on C ′,
• if for a genus 1 component C ′ of C, u is constant on C ′, then C has at least
one marked or nodal point.
An isomorphism between two quasimaps (C, p, P, u) and (C ′, p′, P ′, u′) consist of
isomorphisms f : (C, p) → (C ′, p′) and σ : P → f∗P ′ such that under the induced
isomorphism σX : P ×G X → f∗(P ′ ×G X), u maps to u′.
Definition 6.3. A family of quasimaps over a base scheme S consists of the data
(π : C → S, {pj : S → C}j=1,...,k,P, u) where C → S is a proper flat morphism
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such that each geometric fiber Cs, s ∈ S is a connected curve, pj are sections of π,
P → C is a principal G-bundle and u : C → P ×G X is a section. For each s ∈ S,
(Cs, p(s),Ps, u|Cs) is a quasimap.
We describe the compactification of Qmapg,n(X//G, β) from [6]. The proof is by
the valuative criterion. Let (S, 0) be a pointed curve and let S0 = S\{0}. Let
((C, pj),P, u) be a S0-family of stable quasimaps. After possibly shrinking S and
making an e´tale base change, the base points can be regarded as additional sections
yi : S
0 → C. The family gives a rational map [u] : C → X//G which is smooth
on C\B. Since X//G is projective, after shrinking S (removing closed sets where
the extension requires blowing up), [u] extends to a map on all of C, denoted by
[ureg]. Stability of the quasimaps implies that the family (C, (p, y), [ureg]) is a family
of Kontsevich stable maps to X//G. By compactness of the moduli space of stable
maps, after an e´tale base change possibly ramified at 0, there is a family of stable
maps
(Cˆ, (p, y), [uˆ])→ S, [uˆ] : Cˆ → X//G
extending (C, [ureg]). The surface Cˆ has at most nodal singularities in the central
fiber Cˆ0. Pull back the principal G-bundle Xs → X//G via [uˆ] to obtain a principal
G-bundle Pˆ and an induced section uˆ : Cˆ → Pˆ ×G X.
Next, consider all maximal sub-trees of sphere bubbles (rational tails) Γ1, . . . ,ΓN
in Cˆ0 that have none of the marked points pj and meets the rest of the curve (Cˆ0\Γl)
in a single point zl. Contract these subtrees in Cˆ and call the resulting surface C
and let (P , u) := (Pˆ , uˆ)|C . The gauged map (P , u) is well-defined on C\{z1, . . . , zN}.
Base points yi may come together at the points z1, . . . zN , but these points are away
from the markings pj. The families of quasimaps (P , u) and (P, u) are defined over
C\{yj , zl} and C\C0 respectively and they agree on the intersection. So, they can
be patched to yield a family (P, u) that is defined on C\{yj(0), zl}. By Lemma
4.3.2 in [6], P extends to a principal G-bundle on C. By Hartog’s Theorem, since
X is affine, u extends to all of C. The central fiber u0 will have base points at
which rational tails were contracted. The following two steps affect the equivariant
homology of u: (1) replacing u by ureg, (2) contracting rational tails in the central
fiber and letting the central fiber acquire base points. But it can be shown that
the equivariant homology class β is preserved in the limit. This is done in Section
7 in [6] by analyzing the contribution of base points to equivariant homology. The
properness of Qmapg,n(X//G, β) now follows by the valuative criterion.
7. A homeomorphism between quasimaps and vortices
The proof of Theorem 0.2 is carried out in this section.
7.1. From a G-variety to a Hamiltonian K-manifold. Given an affine G-
variety X as in Section 6, one can give it the structure of a Hamiltonian K-manifold
in a way that the GIT and symplectic quotients are homeomorphic. By Proposi-
tion 2.5.2 in [6], there is a complex vector space V with a linear G-action and a
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G-equivariant closed embedding X →֒ V . Let (·, ·) be a Hermitian product on V
and K ⊂ G be a maximal compact subgroup whose action preserves the Hermitian
product. The imaginary part of the Hermitian product gives a symplectic form on
V :
ωv(v1, v2) := Im(v1, v2), v, v1, v2 ∈ V.
The K-action on V has moment map
Φ0 : V → k∨, 〈Φ0(v), ξ〉 := 1
2
Im(v, ξv), ξ ∈ k.
The moment map on the polarized affine variety X is
Φ := Φ0 + idθ,
where dθ : k → iR is the restriction of the derivative of the character θ : G → C×
at the identity: dθ : g
∨ → C. King ([15], Theorem 6.1) proves a generaliza-
tion of the Kempf-Ness theorem which says that any θ-semistable G orbit that
is closed in Xss(θ) meets Φ−1(0) in a unique K-orbit. So, there is a homeomorphism
Φ−1(0)/K → X//G. By part (a) of Assumption 6.1, we get Xss = GΦ−1(0), and
part (b) ensures that ‖Φ‖2 is proper on X. The Hamiltonian manifold X is equiv-
ariantly proper. In particular, if V = Cr with the standard Hermitian product, then
equivariant convexity is satisfied by taking f = Σri=1|zi|2.
7.2. Correspondence between vortices and stable quasimaps. In this sec-
tion, we produce the bijection Ψ in Theorem 0.2 – see Corollary 7.4. This is done by
applying the Hitchin-Kobayashi correspondence (Theorem 7.3) on each component
of C.
For a principal G-bundle PC → C, a reduction of structure group can be achieved
by choosing a section σ : C → PC/K, this produces a principal K-bundle P ⊂ PC
satisfying PC = P ×K G. By Remark 2.2, holomorphic structures on PC correspond
to connections on P . Therefore after a choice of reduction, a G-gauged map (PC, u)
can be viewed as a K-gauged map (A, u) on P .
Definition 7.1 (Complex gauge transformations). A complex gauge transformation
g is an automorphism of PC, it is a G-equivariant bundle map PC → PC. Under a
local trivialization g is given by a map from the Riemann surface to the group G.
Recall that the Cartan decomposition (see Helgason [13] VI.1.1)
(25) K × k→ G, (k, s) 7→ keis
is a diffeomorphism. So, a complex gauge transformation g can be written as g =
keiξ , where k ∈ K(P ) and ξ ∈ Lie(K(P )) = Γ(Σ, P (k)).
We denote by G(P ) the group of complex gauge transformations associated to the
G-bundle PC := P ×KG. This group acts on the space of holomorphic structures on
PC via pull-back. This corresponds to an action of G(P ) on the space of connections
that extends the action of K(P ). Let Σ be a Riemann surface with cylindrical
ends and P = Σ × K be a trivial K-bundle. For k ∈ Z≥0, p > 1 such that
(k + 1)p > 2, we define the space of W k+1,p complex gauge transformations as
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Gk+1,p(P ) := {keiξ : k ∈ Kk+1,p, ξ ∈ W k+1,p(Σ, k)}. By Lemma A.4, Gk+1,p(P ) acts
smoothly on Ak,p.
Definition 7.2 (p-bounded gauge transformations and gauged holomorphic maps).
Let p > 2. Let C be a pre-stable curve with n-marked points, let P be a principal
K-bundle on C. We call a gauged holomorphic map (A, u) on P → C p-bounded if it
is smooth on C\{z1, . . . , zn} and for 1 ≤ j ≤ n, on a neighborhood of zj , N(zj) ⊂ C,
(A, u)|N(zj ) ∈ Lp ×W 1,p. A complex gauge transformation g on P is p-bounded if it
is smooth on C\{z1, . . . , zn} and g|N(zj ) ∈ W 1,p(N(zj), G) for j = 1, . . . , n. Denote
by G(P )pbd the group of p-bounded gauge transformations.
Let C be a pre-stable smooth genus g curve with n marked points (n ≥ 1),
we denote by Qmap(C,X//G, β) the subset of stable quasimaps Qmapg,n(X//G, β)
whose domain curve is C. Analogously, if Σ be the Riemann surface with cylindrical
ends corresponding to C, thenMV K(Σ,X, β) ⊂MV Kg,n(X,β) be the subset of stable
vortices with domain Σ.
Theorem 7.3 (Variant of Theorem 3.1 in [25]). Suppose X, G, K be as above and
0 < γ < 1 be as in Proposition 2.6. Let C be a pre-stable smooth genus g curve with
n marked points z1, . . . , zn (n ≥ 1) and Σ be the corresponding Riemann surface
with cylindrical ends.
Let (A, u) be a gauged holomorphic map from a principal K-bundle P → C to
X. Suppose u(zi) ∈ Xss for all the marked points z1, . . . , zn. There exists a complex
gauge transformation g on P such that g(A, u)|Σ is a smooth finite energy symplectic
vortex with bounded image. For any 2 < p < 21−γ , the complex gauge transformation
g is p-bounded and it is unique up to left multiplication by p-bounded unitary gauge
transformations k ∈ K(P )pbd. The resulting map
(26) Qmap(C,X//G, β) →MV K(Σ,X, β), (A, u) 7→ g(A, u)|Σ
is a bijection.
Theorem 3.1 in [25] states the above result with Σ replaced by C with the Eu-
clidean metric dx ∧ dy and C is P1 with a marked point at infinity. The proof of
that result entirely carries over for the above variant. In fact some parts of the proof
simplify, the construction of the inverse of (26) uses an asymptotic decay result for
vortices. The corresponding result – Proposition 2.6 above – is much simpler for
a base space with cylindrical ends than the affine line. The condition p < 21−γ is
required to extend a vortex over Σ to a Lploc×W 1,ploc gauged map over Σ (see Corollary
2.11). This condition is absent in the affine case in [25], as there γ can be chosen
arbitrarily close to 1. Also note that for p1 < p, G(P )pbd ⊂ G(P )p1bd. We define a set
G(P )bd := ∩2<p<(2/(1−γ))G(P )pbd.
Corollary 7.4 (Bijection between Qmapg,n(X//G, β) and MV
K
g,n(X,β)). For any
equivariant homology class β ∈ HK2 (X), Theorem 7.3 produces a bijection
Ψ : Qmapg,n(X//G, β)→MV Kg,n(X,β).
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Proof. Consider a stable quasimap (C, z, PC, u). Recall that C is pre-stable, let
Σ be a Riemann surface with cylindrical ends corresponding to C. By assump-
tion, we have n ≥ 1, so each component of C has at least one special point. We
can then apply Theorem 7.3 to the gauged map (PC, u)|Ci defined on each com-
ponent Ci of C. The result is a finite energy vortex (A˜i, u˜i) on each component
Σi ≃ Ci\{special points}. The connectedness condition (10) holds because : for the
quasimap (PC, u), we have for any w ∈ Edge(C), Guι(w+)(w+) = Guι(w−)(w−). This
G-orbit is a semi-stable orbit, so its intersection with Φ−1(0) is a unique K-orbit,
lets call it χ. So, on the vortex side, we have Ku˜ι(w±)(w
±) = χ (see Proposition
2.8). Stability of the quasimap, together with n ≥ 1, implies that an unstable do-
main component C ′ is a sphere with 2 special points and u|C′ is non-constant. This
implies that the vortex (A˜, u˜)|C′ is also non-constant. So, (A˜, u˜) is a stable vortex
that is uniquely determined up to unitary gauge equivalence. Further p-bounded
complex gauge transformations preserve the equivariant homology class. So we de-
fine Ψ : (C, x, PC, u) 7→ [(A˜, u˜)] ∈ MV Kg,n(X,β). This is a bijection since (26) is a
bijection. 
Remark 7.5 (Base points on the vortex side). Base points do not play a significant
role in convergence of vortices. This is because in general the theory of vortices
does not require the target manifold X to be Ka¨hler, so there is no action of the
complexified group G, and so ‘base points’ cannot be defined. For the homeomor-
phism result we rely on two features of quasimaps: first the combinatorial nature of
domains of quasimaps happens to be same as that of vortices with cylindrical ends.
Secondly, a continuous family of quasimaps is mapped by Ψ to a family of vortices
continuous in the sense of Gromov topology.
7.3. Continuity for smooth curves. In this and the following section, we prove
the continuity of the map Ψ in Theorem 0.2. Let QS be a family of quasimaps
parametrized by S, QS = (C → S, {zj : S → C}j=1,...,k,PC, u), We assume S is a
neighborhood of the origin in CN . We prove for any sequence sν → 0 in S, the
sequence of vortices Ψ(Qsν ) Gromov converges to Ψ(Q0). In this Section we restrict
our attention to families of smooth curves, i.e. the curves Cs do not have nodal
singularities, and prove the following Proposition.
Proposition 7.6 (Continuity of Ψ for smooth curves). Given a family of quasimaps
QS = (C → S, {zj : S → C}j=1,...,k,PC, u) parametrized by S, where S ⊂ C is a
neighborhood of 0. Suppose Cs, s ∈ S are smooth curves, then for any sequence
sν → 0 as ν →∞, Ψ(Qsν ) Gromov converges to Ψ(Q0).
Proof. We first outline the proof. The first step is to make a preliminary choice of
reduction σ : C → PC/K (Lemma 7.7). This produces a principal K-bundle P → C
and a family of gauged holomorphic maps (As, us) defined on Ps. Suppose the
complex gauge transformation g0 ∈ G(P0) transforms the central element (A0, u0) to
a vortex. Then the gauged holomorphic maps g0(Asν , usν ) converges to g0(A0, u0).
In this situation, we can find a sequence of complex gauge transformations eiξν
converging to the identity that transform the elements in the sequence g0(Asν , usν )
VORTICES ON SURFACES WITH CYLINDRICAL ENDS 33
to vortices. Then, we will conclude that the vortices eiξνg0vsν Gromov converge to
g0(A0, u0). The details are as follows.
By Lemma 3.3 and by the fact that the curves Cs do not contain nodes, there is a
family of diffeomorphisms hs : Cs → C0, that are isometries on the cylindrical ends
Cs\{zs} with respect to the neck-stretching metric. Via these diffeomorphisms, we
identify the Riemann surfaces with cylindrical ends Σs to Σ := Σ0. Using Lemma
7.7, choose a reduction σ : C → PC/K so that the gauged holomorphic maps (As, us)
are in standard form close to marked points – i.e. they satisfy conditions (a) and (b)
in Lemma 7.7. We fix a trivialization Ps|Σs so that As = d + λjdθ on N(zj)s\zj(s)
for all s. We observe that under this trivialization,
(27) ∪s∈S Im(us) ⊂ X is pre-compact, As H
1(Σ)−−−−→ A0, us H
2(Σ)−−−−→ u0 as s→ 0.
By Theorem 7.3, there is a p-bounded complex gauge transformation eiξ0 on P0 that
transforms (A0, u0) to a finite energy vortex on Σ0. Under the above trivialization
of P0|Σ0 , by Lemma 7.8, for any 0 < γ1 < γ,
‖ξ0‖H2(ρzj {n≤r≤n+1}) ≤ ce
−γ1n.
Here γ is as in Proposition 2.6. Then, the family of gauged holomorphic maps
eiξ0(As, us) continues to satisfy (27). Pick a sequence of points sν in S converg-
ing to 0. To the converging sequence eiξ0(Asν , usν ) → eiξ0(A0, u0), apply Lemma
7.9. This will give a sequence ξsν : Σ → k converging to 0 in H2(Σ) such that
eiξsν eiξ0(Asν , usν ) is a vortex on Σ. So, the vortices e
iξsν eiξ0(Asν , usν ) converge to
eiξ0(A0, u0) in H
1(Σ) × H2(Σ). Finally, by elliptic regularity for vortices, mod-
ulo gauge transformations, we can say the sequence eiξsν eiξ0(Asν , usν ) converges to
eiξ0(A0, u0) smoothly on compact subsets of Σ (see Lemma 3.8, 3.9 in [25] and The-
orem 3.2 in [4]). Convergence of energy values E(Asν , usν ) to E(A0, u0) follows from
convergence of (Asν , usν ) in H
1(Σ) × H2(Σ) and from the fact that the images of
us are contained in a compact subset of X. Finally it remains to show that the
vortex eiξsν eiξ0(Asν , usν ) is in the gauge orbit Ψ(Qsν ). The complex gauge trans-
formation eiξsν eiξ0 extends continuously over the bundle Psν → Csν . By arguments
in the proof of Theorem 3.1 (a) in [25], eiξsν eiξ0 is in the class G(Psν )bd. Finally,
Proposition 4.5 in [25] says that if two vortices are related by a complex gauge trans-
formation that is p-bounded, then the vortices are related by a p-bounded unitary
gauge transformation.
All the lemmas used in this proof assume there is only one marked point, i.e.
n = 1. This case captures all the technical details and lets us drop the subscript j
for marked points. We also ignore the variation in metric on curves in the family
C → S. Since the metrics agree on cylindrical ends, and they vary smoothly with s,
they do not affect the proofs much. 
Lemma 7.7 (Standard form around marked points). Let p > 1. Suppose QS is a
family of quasimaps such that all the fibers in C → S are diffeomorphic via hs : Cs →
C0 (as in Lemma 3.3). Assume there is a single marked point z : S → C. There is
a reduction σ : C → PC/K and λ ∈ 12π exp−1(Id) ⊂ k such that the following are
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satisfied. Let P → C be the principal K-bundle, and {(As, us)}s∈S be the family of
K-gauged holomorphic maps induced by the reduction σ.
(a) There is a trivialization τ of the restriction P|C\z(S) so that on the cylindrical
end N(z)\{z}, for all s ∈ S, As = d + λdθ and
(b) u(z(s)) ∈ Φ−1(0) for all s ∈ S.
σ, τ are smooth in every fiber and vary smoothly with s.
Proof of Lemma 7.7. We make a preliminary choice of reduction σ0 : C → PC/K and
obtain a principal K-bundle P → C and a smooth family of K-gauged holomorphic
maps (As, us). To prove the lemma, we need to find a family of complex gauge
transformations gs on Ps → Cs so that gs(As, us) are in standard form near the
marked point z.
First, we find a family of complex gauge transformations that make the connec-
tions flat on N(z). Note that the sets N(z)s ⊂ Cs are compact with boundary
and are isometric for all s. We work on a trivialization of the bundle P|∪sN(z)s .
Recall the fact that on a compact surface Ω with boundary, a connection can be
complex gauge transformed to a flat connection by eiξ, where ξ ∈ Γ(Ω, P (k)) and
ξ|∂Ω = 0, and the choice of ξ is unique (see for example Theorem 1 in [7]). Thus
there are complex gauge transformations eiξs : N(z)s → G such that eiξsAs is flat.
We now prove that ξs varies continuously with s in the W
2,p(N(z))-topology. The
argument used for this is the prototype of the argument for continuity used in this
section. Denoting A′s := e
iξ0As, we have ‖FA′s‖Lp(N(z(s))) → 0 as s→ 0. By Lemma
A.5 for small enough s, we can find ξ′s ∈ W 2,p that satisfies ‖ξ′s‖W 2,p ≤ c‖FA′s‖Lp ,
ξs|∂N(z) = 0 and eiξ′sAs is flat on N(z)s. By the uniqueness of ξs, the complex gauge
transformations eiξs and eiξ
′
seiξ0 differ by a unitary gauge transformation. That is,
there exist hs : N(z)→ K such that eiξ′seiξ0 = hseiξs . Since (25) is a diffeomorphism,
ξs varies continuously with s in W
2,p(C0).
Next, we show that the complex gauge transformations vary smoothly with s.
Since the connections eiξsAs are flat on N(z)s, there exists a unique family of unitary
gauge transformations ks ∈W 2,p(N(z),K) such that ks(z) = Id and the connection
kse
iξsAs is the trivial connection. The continuity of s 7→ eiξsAs in W 1,p(N(z))
implies the continuity of ks in W
2,p(N(z)). Let g′s := kse
iξs . The complex gauge
transformations g′s : N(z) → G are smooth and vary smoothly with s. This can be
seen as follows: Let As = d + as. We know g
′
sAs = d. So,
∂As = (gs)
−1 ◦ ∂ ◦ g′s = ∂ + (gs)−1∂g′s =⇒ a0,1s = (g′s)−1(∂g′s).
The quantity a0,1s varies smoothly with s, therefore by an elliptic regularity argu-
ment, g′s is smooth and varies smoothly with s.
Next, we consider the second condition (b). Since g′sus(z) ∈ Xss, there is a unique
ψs ∈ k such that eiψs(g′sus(z)) ∈ Φ−1(0). Further, the map s 7→ ψs is smooth. Since
trivial connections are preserved by constant complex gauge transformations, so
eiψsg′sAs is the trivial connection. For all s, the map e
iψsg′s : N(z)→ G is homotopic
to identity. So, there is a smooth family of complex gauge transformations gs ∈ G(Ps)
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that agrees with eiψsg′s in a smaller neighborhood of z and is equal to Id on Cs\N(z)s.
The neighborhoodsN(z)s can be replaced by smaller neighborhoods, and this proves
the Lemma, so we have the connections gsAs are trivial on N(z).
It remains to construct the trivializations τs. The bundles Ps → Cs\{z(s)} can
be trivialized. The connections gsAs are flat over N(z)s\{z(s)}, so the holonomy
is constant on the cylinder. Hence the trivialization of Ps can be chosen such that
gˆsAs = d + λ(s)dθ for some λ(s) ∈ 12π exp−1(Id) ⊂ k. The holonomies λ(s) can be
chosen to be independent of s since it is a homotopy invariant. 
If (A, u) is a gauged holomorphic map on Σ that is in standard form, we have an
asymptotic bound on the complex gauge transformation that makes (A, u) a vortex
on Σ.
Lemma 7.8 (Asymptotic bound on a complex gauge transformation). Let 0 < γ1 <
γ, where γ is the constant from Proposition 2.6. Suppose C is a smooth curve with
a single marked point z and Σ is the corresponding Riemann surface with cylindrical
ends. Suppose (A0, u0) is a smooth gauged holomorphic map on a K-bundle P → C
that is in standard form close to marked points, and the p-bounded complex gauge
transformation eiξ ∈ G(P )bd transforms (A0, u0) to a finite energy vortex on Σ. For
any q > 1, there is a constant c such that in the trivialization of P |Σ found in Lemma
7.7,
(28) ‖ξ‖W 2,q({n≤r≤n+1}) ≤ ce−γ1n.
Hence, ξ ∈W 2,q(Σ).
Proof of Lemma 7.8. On the cylindrical end N(z)\{z}, we use the co-ordinates r, θ
given by ρz. The gauged holomorphic map (A0, u0) being in standard form means
Φ(u0(z)) = 0 and there is a trivialization of the bundle P |Σ so that A0|N(z)\{z} =
d+ λdθ. The transition function between P |Σ and P |N(z) ≃ N(z)×K is θ 7→ e−λθ.
We fix these trivializations for the rest of the proof. Under these trivializations, a
gauge transformations k ∈ K(P ) can be expressed by functions k : Σ → K and
kˆ : N(z)→ K satisfying kˆ = e−λθkeλθ on N(z)\{z}.
Step 1: For any 2 < p < 21−γ , there is a p-bounded gauge transformation k ∈
K(P )pbd such that if g := keiξ, then (gA0)|Σ = d + λdθ + a where a satisfies the
exponential bound (8).
We first define a gauge transformation on Σ ≃ C\{z} that transforms the connection
to the above form. Denote (A1, u1) := e
iξ(A0, u0). By Corollary 2.10, there is a
gauge transformation defined on Σ, k : Σ→ K such that kA1 = d+λ1dθ+a1, where
λ1 ∈ 12π exp−1(Id) ⊂ k and a1 satisfies (8). We modify the map k : Σ→ K so as to
achieve λ1 = λ. By left multiplying k by a constant element in K, we may assume
limr→∞ k(r, 0) = Id. In the first place, this limit exists because the corresponding
limits exist both for u1 and ku1 and because K acts freely in a neighborhood of
Φ−1(0). The connection kA1 extends to a connection on a principal bundle P
′ over
C, the transition function of P ′ is (r, θ) 7→ e−λ1θ defined on N(z)\{z}. By the
invertibility of the Hitchin-Kobayashi map in Theorem 7.3, the bundles P and P ′
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are isomorphic. Therefore the geodesic loops θ 7→ eλθ and θ 7→ eλ1θ are homotopic,
and hence the loop R/2πZ ∋ θ 7→ eλθe−λ1θ is homotopic to the identity. It follows
that one can define a map k1 : Σ → K that restricts to (r, θ) 7→ eλθe−λ1θ on the
cylindrical end. By replacing the gauge transformation k by k1k, we obtain λ1 = λ.
We now show that k extends to a p-bounded gauge transformation on P . For
any map u with domain Σ, we denote u(∞, θ) := limr→∞ u(r, θ) (if it exists).
Since ξ(∞) ≡ Id, we have u0(∞, ·) = u1(∞, ·). Next, observe that (ku1)(∞, θ) =
e−λθ((ku1)(∞, 0)), and that u0 also satisfies the same relation. Further, since
k(∞, 0) = Id, we conclude k(∞, θ) ≡ Id. Therefore, the gauge transformation
k : Σ → K extends continuously over z. In particular k extends to k ∈ K(P )
obtained by defining kˆ = e−λθkeλθ on N(z)\{z}, and Id at z. Therefore kˆ ∈
C0(N(z)) →֒ Lp(N(z)). The complex gauge transformation eiξ is in G(P )pbd, and
it follows that e−λθeiξeλθ ∈ W 1,p(N(z)). Then by the continuous action of com-
plex gauge transformations on connections (Lemma A.4), aˆ1 ∈ Lp(N(z)), where
A1 = d + aˆ1 under the trivialization of P |N(z). By Corollary 2.11, kA1 extends to
p-bounded connection over P . We express kA1 as kA1 = d + aˆ under the trivi-
alization of P |N(z). Then, aˆ ∈ Lp(N(z)) and aˆ = dkˆkˆ−1 + Adkˆ aˆ1. Re-arranging,
dkˆ = aˆkˆ + kˆaˆ1. The left hand side is in L
p(N(z)), so kˆ ∈ W 1,p(N(z)), and hence
k ∈ K(P )pbd.
Step 2: For any positive constant γ1 < γ there exists c > 0, so that on N(z)\{z},
d(Id, g(r, θ)) ≤ ce−γ1r.(29)
In Step 1, p can be chosen such that γ1 ≤ 1 − 2p . We know g(z) = Id. We obtain
the result in Step 2 by showing that gˆ is in the Ho¨lder space C0,γ1 via the following
embedding:
W 1,p(N(z)) →֒ C0,γ1(N(z))
(see Theorem B.1.11 in [17]). Here C0,γ1(N(z)) is the space of C0(N(z)) functions
with finite Ho¨lder norm
‖f‖C0,γ1 := sup
x∈U
|f(x)|+ sup
x,y∈U
|f(x)− f(y)|
d(x, y)γ1
.
Then,
d(Id, gˆ(r, θ)) ≤ ce−γ1r.
The same holds for g(r, θ) = eλθgˆ(r, θ)e−λθ on N(z)\{z}.
Step 3: Finishing the proof.
A connection A on P defines an operator ∂A on the G-bundle PC. A complex gauge
transformation g acts on ∂A as: ∂gA = g ◦ ∂A ◦ g−1. In our context a := gA−A and
∂gA − ∂A = a0,1 = g∂A(g−1) = −(∂Ag)g−1 =⇒ a0,1g = ∂Ag.(30)
For any q > 1, (29) implies
‖g‖Lq({n−ǫ≤r≤n+1+ǫ}) ≤ ce−γ1n
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where 0 < ǫ < 0.1 is a small constant. Recall a satisfies
‖a‖W 1,q({n−ǫ≤r≤n+1+ǫ)} ≤ ce−γn < ce−γ1n
By elliptic bootstrapping using the equation (30), we get
‖g‖W 2,q({n≤r≤n+1}) ≤ c(‖a‖W 1,q({n−ǫ≤r≤n+1+ǫ}) + ‖g‖Lq({n−ǫ≤r≤n+1+ǫ})) ≤ ce−γ1n.
Elliptic regularity is applied to domains of the form {n ≤ r ≤ n+ 1}). Since all the
domains are isometric to each other, the constants c are independent of n. By (25),
we get similar asymptotic bounds on k and ξ also, which proves the Lemma. 
Lemma 7.9 (Gauged maps near a vortex can be complex gauge transformed to
vortices). Suppose Σ is a Riemann surface with a cylindrical end N(z)\{z} corre-
sponding to a point z ∈ Σ\Σ. Suppose there is a sequence of gauged holomorphic
maps vν = (Aν , uν) on Σ that converges to a finite energy vortex v∞ = (A∞, u∞) in
the following sense:
∪ν Im(uν) ⊂ X is pre-compact, Aν H
1(Σ)−−−−→ A∞, uν H
2(Σ)−−−−→ u∞.
The norms are taken in a trivialization Σ × K in which A∞ = d + λdθ + a∞ on
the cylindrical end N(z)\{z} and a∞ satisfies the exponential bound (8). Then we
can find complex gauge transformations eiξν so that ξν → 0 in H2(Σ) and eiξνvν is
a vortex.
Proof. The proof is by an Implicit Function Theorem argument on the functional
Fv defined below. For a gauged holomorphic map v := (A, u), define
Fv : Γ(Σ, k)→ Γ(Σ, k) ξ 7→ ∗FeiξA +Φ(eiξu).
Its linearization at ξ = 0 is
(31) DFv(0) : ξ 7→ d∗AdAξ + u∗dΦ(JξX).
We first show that DFv(0) extends to an operator between Sobolev completions.
The operator dA∞ extends to a continuous operator dA∞ : H
k+1(Σ, k) → Hk(Σ, k)
for k = 0, 1. This is because on the cylinder N(z)\{z}, A∞ = d + λdθ + a∞, a∞
is bounded in H1(N(z)\{z}), so by Sobolev multiplication (Proposition A.2) the
operator ξ 7→ dξ + [λ, ξ]dθ + [a∞, ξ] is continuous from Hk+1 → Hk, k = 0, 1. Since
‖A∞ − Aν‖H1(Σ) is bounded, the same is true for the operators dAν also. Writing
d∗A = ∗dA∗, we see that d∗Aν : Hk+1(Σ, k)→ Hk(Σ, k) is also a bounded operator for
k = 0, 1 and for all ν including ν =∞. For x ∈ X, let
Lx ∈ End(k) := ξ 7→ dΦ(Jξx).
The image of each uν is compact, so supx∈Im(uν) |Lx| is bounded. So, the operator
u∗νdΦ(JξX) : H
2 → L2 is bounded because it is multiplication by a C0 bounded
function. Therefore, for all ν,
DFvν : H2(Σ, k)→ L2(Σ, k)
is a bounded operator.
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Step 1: For all ν, including ν =∞, DFvν : H2 → L2 is invertible and the norm
of the inverses are uniformly bounded. That is, there exists a constant C such that
‖DF−1vν ‖ ≤ c for all ν.
The operator DFvν : H2 → L2 is injective because for ξ ∈ H2(Σ, k),∫
Σ
〈d∗AνdAν ξ + u∗νdΦ(J(ξ)uν ), ξ〉k = ‖dAν ξ‖2L2 +
∫
Σ
ωuν ((ξ)uν , J(ξ)uν ).
The right hand side is positive if ξ 6= 0.
We first prove invertibility of the operator in the case that v is equal to v∞, which
is a vortex on Σ. Recall that A∞ = d + λdθ + a∞ on N(z)\{z}. Next, we observe
that for x ∈ X, if the infinitesimal action of k is free, the map Lx : k→ k is positive
and symmetric for x ∈ Xss because 〈Lxξ, ξ〉 = ωx(ξx, Jξx). On the cylindrical end
N(z)\{z}, we use the co-ordinates r, θ given by ρz. By Proposition 2.8, u(∞, θ) :=
limr→∞ u(r, θ) is well-defined and u(∞, θ) = eλθu(∞, 0). By deforming Lu, one can
produce a smooth section L : Σ→ Aut(k) such that on the cylindrical end, L(r, θ) =
L(u(∞, θ)), and L(x) is positive and symmetric for all x ∈ Σ. The connection
A∞ can be deformed to a smooth connection A
′
∞ such that A
′
∞ = d + λdθ on the
cylindrical end N(z)\{z}. By Proposition 7.10, d∗A′∞dA′∞ + L : H2(Σ, k)→ L2(Σ, k)
is an isomorphism. The operators d∗A′∞dA′∞ − d∗A∞dA∞ and L − Lu are lower order
operators that decay to zero on the cylindrical end, therefore they are compact by
Proposition A.6. So, DFv∞(0) = d∗A∞dA∞ + Lu has the same Fredholm index as
d∗A′∞dA′∞ + L, which is 0. The operator is invertible because it is injective.
Next, we consider vν in the sequence. For large ν,
‖d∗A∞dA∞ − d∗AνdAν‖ ≤ c‖A∞ −Aν‖H1(Σ),
‖Lu∞ − Luν‖ ≤ c sup
p∈Σ
dX(u∞(p), uν(p)).(32)
This means ‖DFv∞(0) − DFvν‖ ≤ 12‖(DFv∞)−1‖−1 for large enough ν. For such
ν, DFvν (0) is invertible and ‖DFvν (0)−1‖ ≤ 2‖DFv∞(0)−1‖. The constant C is
2‖DFv∞(0)−1‖.
Step 2: There is a constant δ > 0 such that if ‖ξ‖H2(Σ,k) < δ, then ‖DFν(ξ) −
DFν(0)‖ ≤ 12C for large enough ν.
This follows from inequalities as in (32) and the fact that there exist constants c,
ǫ > 0 such that if a connection A satisfies ‖A−A∞‖H1(Σ) ≤ ǫ, then ‖eiξA−A‖H1 ≤
c‖ξ‖H2(Σ) (see Lemma A.4).
Step 3: Completing the proof. By the implicit function theorem (Proposition
A.1), if ‖∗FAν + Φ(uν)‖L2 < δ4C , then there exists ξν such that eiξνvν is a vortex
and ‖ξν‖H2 ≤ C‖∗FAν + Φ(uν)‖L2 . Since ∗FAν + Φ(uν) → 0 in L2, the Lemma is
proved. 
The following result is used in the proof of Lemma 7.9. It proves a certain differ-
ential operator is invertible on a surface with cylindrical ends.
Proposition 7.10 (Invertibility of an elliptic operator). Let Σ be a surface with a
cylindrical end and γ > 0 be a constant. Let A be a smooth connection on the trivial
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K-bundle Σ×K, such that on the cylindrical end N ≃ S1 × (0,∞), the connection
is A = d + λdθ, where λ ∈ k. Further, let L : Σ → Aut(k) be a smooth map that is
invariant under translation by R on the cylindrical ends. Suppose L(x) is positive
and symmetric for all x ∈ Σ. Then, the operator
(33) L+ d∗AdA : H
k+1(Σ, k)→ Hk−1(Σ, k)
is an isomorphism for all integers k ≥ 0.
Proof. We first show that (33) is a bounded operator. For any l ∈ Z≥0, the map
L is bounded in C l because Σ\N is compact and on the cylindrical end N , L is
R-invariant. The norm of the operator d∗AdA in (33) is bounded because of the form
of the connection A and the multiplication Theorem (Proposition A.2). Together,
these imply that (33) is a bounded operator.
We prove the proposition for k = 0 by the Lax-Milgram theorem (See Section 6.2,
Theorem 1 in [10]). Recall that H−1(Σ) is the dual of H1(Σ) under the L2-pairing.
The bilinear operator
B : H1(Σ, k) ×H1(Σ, k)→ R, (ξ, ξ′) 7→
∫
Σ
〈(L+ d∗AdA)ξ, ξ′〉
satisfies B(ξ, ξ′) ≤ ‖ξ‖H1‖ξ′‖H1 . Next, observe
B(ξ, ξ) ≥ c−11 (‖dAξ‖2L2 + ‖ξ‖2L2) ≥ c−12 (‖ξ‖2L2 + ‖dξ‖2L2) = c−12 ‖ξ‖2H1 ,
where c1 and c2 are constants independent of ξ. The first inequality is based on the
fact that L(x)−1 ∈ Aut(k) is uniformly bounded for all x ∈ Σ because the image
of L−1 : Σ → Aut(k) is bounded in Aut(k). By the Lax Milgram Theorem, for any
f ∈ H−1 = (H1)∗, there is a unique σ ∈ H1 such that B(σ, σ′) = ∫Σ〈f, σ′〉. So,
(L + d∗AdA)σ = f . This proves surjectivity and injectivity for (33). By the open
mapping theorem, the inverse map is bounded.
Now, we consider k > 0. By the k = 0 result, the operator is injective for
all k. Given f ∈ Hk−1(Σ, k) →֒ H−1(Σ, k), there is a σ ∈ H1(Σ, k) satisfying
(L + d∗AdA)σ = f . By elliptic regularity for compact sets σ ∈ Hk+1loc . It remains to
bound σ in Hk+1. For this, write Σ = Σ0 ∪ N , where Σ0 ⊂ Σ is pre-compact, the
cylindrical end N is equipped with an isometry ρ : N → [0,∞) × S1. Let Σ′0 be a
pre-compact set containing Σ0. We also define the sets
Sn := ρ
−1((n, n+ 1)× S1), S′n := ρ−1((n− ǫ, n+ 1 + ǫ)× S1) ⊂ N,
where 0 < ǫ < 0.1 is a fixed constant. For any set S = Σ0 or Sn and correspondingly
S′ = Σ′0 or S
′
n, there is a constant cS such that
‖σ‖Hk+1(S) ≤ cS(‖σ‖Hk−1(S′) + ‖f‖Hk−1(S′))
The constants cSn are identical because the geometry of the sets and the connection
on them is independent of n. So, the set {cΣ0 , cSn} is finite and has a finite maximum.
So, we have ‖σ‖Hk+1(Σ) ≤ c‖f‖Hk−1(Σ) for some constant c. This finishes the proof.

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7.4. Continuity: Nodal degeneration. In this section we prove the following
Proposition.
Proposition 7.11 (Continuity of Ψ at a nodal curve). Suppose QS = (C → S, {zj :
S → C}j=1,...,k,PC, u) is a family of quasimaps parametrized by S, where S ⊂ C is
a neighborhood of 0. We assume that C0 is a curve with a single node w and Cs
are smooth curves obtained from C0 by the gluing procedure. Then for any sequence
sν → 0 as ν →∞, the sequence of vortices Ψ(Qsν ) Gromov converges to Ψ(Q0). (Ψ
is as described in Corollary 7.4.)
Remark 7.12. The proof of the above Proposition carries over word for word in the
case when the curve C0 has more than one nodal singularities. The hypotheses of the
Proposition also require that away from cylindrical parts, the curves are isometric
under the neck-stretching metric. The proof carries over if instead there were a
smooth family of metrics instead. In that case S can be a neighborhood of the
origin in CN rather than in C.
With this result in hand we can prove Theorem 0.2.
Proof of Theorem 0.2. The map Ψ is constructed by Corollary 7.4. It is a bijection
and the spaces MV
K
g,n(X,β) and Qmap(X//G, β) are compact and Hausdorff. So,
to show that Ψ is a homeomorphism, it is enough to prove that it is continuous.
For any family of quasimaps QS parametrized by S a neighborhood of the origin
in CN , we prove that for a sequence sν → 0 in S, the gauge equivalence classes of
stable vortices Ψ(Qsν ) Gromov converge to Ψ(Q0). If the domain curve C0 (and
hence Csν ) does not have nodal singularities, then this is proved by Proposition 7.6.
This will also prove the result if the C0 has the same combinatorial type as Csν , in
that case Proposition 7.6 can be applied component-wise. Next, suppose that C0 is
in a higher stratum than Csν , i.e. [Csν ]  [C0]. Again, we can assume the curves Csν
to be smooth, otherwise the same arguments can be carried out component-wise. In
that case, the result is proved by Proposition 7.11 and Remark 7.12. 
Suppose {Σs}s∈S are the Riemann surfaces with cylindrical ends corresponding to
the family C → S in Proposition 7.11. By Lemma 3.3, there is a cover πs : Σ˜s → Σs
such that Σ˜s can be diffeomorphically identified to an open subspace of the central*****
Riemann surface Σ0. We recall the precise definition of the covers Σ˜s. Let C˜0 be the
normalization of C0 with marked points w+ and w− corresponding to the node. For
s ∈ S\{0}, let
(34) ls = Ls + its := − ln s.
The Riemann surface with metric Σs is obtained by gluing:
(35) Σs = (Σ0\(ρ−1w+{r > Ls} ∪ ρ−1w−{r < −Ls}))/ ∼, ρ−1w−(z) ∼ ρ−1w+(z + ls).
We denote
(36) Σ˜s := Σ0\(ρ−1w+{r > Ls} ∪ ρ−1w−{r < −Ls}).
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For s = 0, Σ˜0 := Σ0. The construction of Σ˜s can be performed in a family to
produce a four-dimensional manifold Σ˜ with a map Σ˜→ S, such that the fiber over
s ∈ S is Σ˜s.
We need some notation for the proof of Proposition 7.11.
Notation 7.13. Let C → S be a family of curves as in Proposition 7.11. For any
s ∈ S, let Σs be the Riemann surface with cylindrical ends corresponding to the
curve Cs. Suppose P → C is a principal K bundle.
1. (Cylindrical part Ns) Let Ns be the cylindrical part in Σs corresponding to the
node w. By the definition of Σs in (36), the restrictions of ρw± give two co-ordinates
on Ns. The co-ordinates are related as: ρw+ − ls = ρw− .
2. (Core Ωs, sleeve length ∆, sleeves ∆
±
s , map relating sleeves r : ∆
+
s → ∆−s ) The
sleeve length ∆ is a large positive constant that will be determined in the proof of
Lemma 7.18. The core Ωs and sleeves ∆
±
s are subspaces of Σ˜s:
Ωs := Σ˜s\(ρ−1w+{r > (Ls −∆)/2} ∪ ρ−1w−{r < (−Ls +∆)/2}),
∆+s := ρ
−1
w+
{(Ls −∆)/2 ≤ r ≤ (Ls +∆)/2},
∆−s := ρ
−1
w−{(−Ls −∆)/2 ≤ r ≤ (−Ls +∆)/2}.
There is a diffeomorphism between the sleeves r : ∆+s → ∆−s := ρ−1w− ◦ (· − ls) ◦ ρw+,
such that πs ◦ r = πs on ∆+s . We remark that the projection πs restricted to the
core Ωs is injective. Let ∆s be the image πs(∆
+
s ) (or πs(∆
−
s ), which is the same).
Then, Σs = Ωs ∪∆s. See Figure 3.
3. (A cover Ω′s) We define Ω
′
s := Ωs ∪∆+s ∪∆+s ⊂ Σ˜s, which is a cover of Σs and a
subset of the central nodal curve Σ0.
4. (Lifts π−1s , π
−1
s,±) Recall that the covering map πs : Ω
′
s → Σs is 1-1 everywhere
except on the sleeves ∆±s where it is 2-1. So, a lift π
−1
s is well-defined on Σs\∆s.
On ∆s, there are two right inverses denoted by π
−1
s,± mapping to ∆
±
s .
5. (Families of cores Ω and covers Ω′) The construction of the core Ωs and the cover
Ω′s can be performed in a family to produce four-dimensional manifolds Ω and Ω
′
respectively with maps Ω,Ω′ → S, such that the fibers over s ∈ S are Ωs and Ω′s
respectively.
6. (Trivialization of bundles Ps, transition function κs : ∆s → K) The bundle over
the family of covers π∗P → Ω′ is trivializable because Ω′ is homotopic to a one-
skeleton. A choice of trivialization gives trivializations of the bundles π∗sPs → Ω′s.
Then, for any s, using the embedding Ω′s → Σ0 gauged holomorphic maps defined
over the bundle Ps → Σs can be pulled back to the cover Ω′s and can be compared
to gauged holomorphic maps defined over the trivial bundle P0 → Σ0. Given a
trivialization of the bundle π∗sPs → Ω′s, the bundle Ps → Σs can be recovered by
gluing the bundle on sleeves π∗sPs|∆±s via a transition function κs : ∆s → K.
7. (Cut-off function φs on the cover Ω
′
s) We define a cut-off function φs : Ω
′
s → [0, 1]
that is a partition of unity of the cover πs : Ω
′
s → Σs. That is, for any x ∈ Σs,
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Ω′s
Ωs
∆+s
∆−s
pis ∆s
Σs
Figure 3. The covering map πs glues the sleeves ∆
±
s .∑
x˜∈Ω′s:πs(x˜)=x
φs(x˜) = 1. Suppose φ : R× S1 → [0, 1] is a cut-off function invariant
in the second coordinate, 0 on (−∞,−∆/2] and 1 on [∆/2,∞), and that satisfies
φ(r, θ) + φ(−r, θ) = 1 for all (r, θ). Let φz(x) := φ(x− z) for any z ∈ R. Define
φs :=


1 on Ωs
(1− φLs/2) ◦ ρw+ on ∆+s
φLs/2 ◦ ρw− on ∆−s
8. (Norm on the space W k,p(Σs,Ps(k))) Let k ≥ 0 be an integer. There are many
equivalent ways of defining a norm on W k,p(Σs,Ps(k)), of which we choose the
following. Fix a trivialization of the family π∗P → Ω′. The resulting trivialization
of the bundle π∗sPs → Ω′s produces a trivialization of the associated bundle π∗sPs(k) ≃
Ω′s × k. We can now define
‖σ‖W k,p(Σs,Ps(k)) := ‖π∗sσ‖W k,p(Ω′s,k).
9. (Push-forward) For a section σ ∈ Γ(Ω′s, k) that is supported away from the bound-
ary ∂Ω′s, the push-forward (πs)∗σ ∈ Γ(Σs,P(k)) is
(πs)∗σ :=
{
(π−1s )
∗σ on Ωs
(π−1s,+)
∗σ + (π−1s,−)
∗σ on ∆s.

Remark 7.14. We perform a calculation related to Notation 7.13 that will be useful
in the proof of Lemma 7.18. Let s ∈ S\{0} and ξ˜ ∈ Γ(Ω′s, k) be a section that is
supported away from the boundary. Let ξ := (πs)∗ξ˜. Then, we claim
(37) ‖ξ‖L2(Σs,Ps(k)) ≤ 2‖ξ˜‖L2(Ω′s,k).
The proof is as follows. By the definition in Notation 7.13 (8), we have
(38) ‖ξ‖L2(Σs,Ps(k)) := ‖π∗sξ‖L2(Ω′s,k) ≤ ‖ξ˜‖L2(Ωs,k) + ‖π∗sξ‖L2(∆+s ,k) + ‖π
∗
sξ‖L2(∆−s ,k).
On ∆+s , we have π
∗
sξ = ξ˜ + r
∗(Adκs ξ˜|∆−s ). Unitary gauge transformations pre-
serve the L2-norm, so we get ‖r∗(Adκs ξ˜|∆−s )‖L2(∆s,k) = ‖ξ˜‖L2(∆−s ). So, we con-
clude ‖π∗sξ‖L2(∆+s ,k) ≤ ‖ξ˜‖L2(∆+s )+‖ξ˜‖L2(∆−s ). Writing down an analogous bound for
‖π∗sξ‖L2(∆−s ,k) and using (38), we get the result (37).
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Remark 7.15 (Model for C → S near the node w). Let C → S be the family of
curves in Proposition 7.11. A neighborhood of the node w in C can be mapped
bi-holomorphically to a neighborhood of the origin in C2 in a way that w is mapped
to the origin and the curve Cs is mapped to {xy = s} for all s ∈ S (see Section 3,
Chapter 11 in [2]). We call this map Υ and describe it explicitly. For smooth curves,
i.e. for s 6= 0,
Υ : Ns → {xy = s} ⊂ C2 z 7→ (eρw+ (z)−ls , e−ρw− (z)).
For s = 0,
Υ :
{
N(w+)→ {x = 0} ⊂ C2 z 7→ (0, e−ρw+ (z))
N(w−)→ {y = 0} ⊂ C2 z 7→ (eρw− (z), 0)
Denote by Nw ⊂ C the open neighborhood {|x|, |y| < 1}. Then, we see that
∪s∈C,|s|<1Ns ∪ N(w±) ∪ {w} is identified to Nw via Υ. Figure 4 is related to this
construction.
The next Lemma is the analog of Lemma 7.7 in the presence of a node. Given
a family of quasimaps where the central curve has a node and the other curves are
smooth, there is a reduction of the structure group such that the resulting K-gauged
maps are in standard form at all infinite cylindrical ends. In addition, there is a
trivialization of the family of bundles P pulled back to the family of covers Ω′ such
that the K-gauged maps have desirable convergence properties and the transition
functions κs have a uniform C
2 bound.
Lemma 7.16 (Standard form near a node w). Let p ≥ 2. Given a family of
quasimaps QS = (C → S, {zj : S → C}j=1,...,k,PC, u) where C → S as in Proposition
7.11, there is a reduction σ : S → PC/K such that the following are satisfied. Let
P → C be the principal K-bundle, and {(As, us)}s∈S be the family of K-gauged
holomorphic maps induced by the reduction σ. There is a trivialization of π∗P → Ω′
such that
(a) (As, us) is in standard form about marked points (as in Lemma 7.7).
(b) On the cylindrical ends N(w±)\{w±}, A0 = d + λ±dθ and Φ(u(w)) = 0.
(c) Under this trivialization, as s→ 0,
∪s∈S us(Ω′s) ⊂ X is pre-compact,
‖As −A0‖W 1,p(Ω′s), dW 2,p(Ω′s)(us, u0)→ 0.
(39)
(d) the functions κs : ∆s → K are uniformly bounded in C2. (κs is defined in
Notation 7.13, (6))
Proof. Step 1: On a neighborhood of w in N (w) ⊂ C there is a reduction σ :
N (w)→ PC/K and a trivialization τ1 of P → N (w) such that
(40) ‖As −A0‖W 1,p(Ω′s∩N(w±)), dW 2,p(Ω′s∩N(w±))(us, u0) as s→ 0.
We will prove the statement for the positive ends N(w+), that for the negative end
will follow analogously. We focus on a neighborhood of w in C and work with the
local model described in Remark 7.15. Pick a reduction σ : C → PC/K, so we have
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1
|y|
e−Ls/2
e(−Ls−∆)/2
1
|x|
e(−Ls+∆)/2
xy = s = e−ls
1
Figure 4. The region Ω′s on the curves Cs and C0. Ls = Re(ls).
a principal K-bundle P → C. For each s, we have a K-gauged holomorphic map
(As, us) defined on Ps → Cs. Pulling back, (Aˆs, uˆs) := (Υ−1)∗(As, us) is defined on
a K-bundle over {xy = s} ∩ N (w). The reduction σ : C → PC/K can be chosen
such that u(w) ∈ Φ−1(0) and in a neighborhood of (0, 0), FAˆ0 |x=0, FAˆ0 |y=0 = 0.
We deduce the convergence properties of As, us working in the local model – these
will continue to hold on Σ because for a 1-form a, the norms ‖a‖Lp and ‖∇a‖Lp
decrease when there is a conformal change of coordinates that increases the volume.
The same is true for ‖∇u‖Lp and ‖∇2u‖Lp . The Lp convergence of us is worked out
separately.
Pick a smooth trivialization τ1 of the bundle P|N (w) so that Aˆ0|x=0, Aˆ0|y=0 are
the trivial connections. In order to compare Aˆs and Aˆ0, recall points in {xy = s}
are identified to those in {x = 0} as (x, y) 7→ (0, y). The connection Aˆs is pulled
back to a connection on {x = 0} and this is also called Aˆs. By smoothness of the
reduction σ and trivialization τ1, we have
‖As−A0‖W 1,p(Ω′s∩N(w+)) ≤ ‖Aˆs− Aˆ0‖W 1,p({x=0,e(−Ls−∆)/2≤|y|≤1}) ≤ c1e2∆e(−Ls+∆)/2.
(See Figure 4.) This shows ‖As − A0‖W 1,p(Ω′s∩N(w+)) → 0. To study us, by possi-
bly shrinking the neighborhood N (w), we can assume that the image u(N (w)) is
contained in a single chart of X, which is identified to a neighborhood in CN .
‖∇us−∇u0‖W 1,p(Ω′s∩N(w+)) ≤ ‖∇uˆs−∇uˆ0‖W 1,p({x=0,e(−Ls−∆)/2≤|y|≤1}) ≤ c1e2∆e(−Ls+∆)/2.
Further,
‖d(us, u0)‖L∞(Ω′s∩N(w+)) = ‖d(uˆs, uˆ0)‖L∞({x=0,e(−Ls−∆)/2≤|y|≤1}) ≤ c1e(−Ls+∆)/2.
This implies
‖us − u0‖Lp(Ω′s∩N(w+)) ≤ c1L1/ps e(−Ls+∆)/2.
As s→ 0, Ls →∞ and so, ‖us − u0‖Lp(Ω′s∩N(w+)) → 0.
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Step 2: The reduction in Step 1 can be extended to σ : C → PC/K. There is a
trivialization τ2 of π
∗P → Ω′ such that (a)-(d) are satisfied.
We remark that after making a choice of reduction, the bundle π∗P → Ω′ is trivi-
alizable because Ω′ is homotopic to a one-skeleton. On the other hand, C is made
up of a 4-cell N (w) glued to Ω (Ω is a deformation retract of Ω′), so P → C is not
trivializable. In Step 1, we found a trivialization τ1 over N (w). By comparing τ1
and τ2 in the intersections, we obtain the functions κs : ∆s → K.
First, we describe σ and τ2, and list the properties they automatically satisfy.
By Lemma 7.7, there is a reduction in the neighborhood of marked points, σ :
∪s,jN(zj)s → PC/K such that the connections FAs are flat in these neighborhoods
and Φ(u(zj(s))) = 0. Since the fibers PC/K are contractible, the reduction chosen
here extends to σ : C → PC/K, while agreeing with σ|N (w) chosen in Step 1. As in
Lemma 7.7, there is a trivialization τ2 of the bundle π
∗P → Ω′ such that (a) and
(b) are satisfied. The reduction σ and trivialization τ2 are fiber-wise smooth and
vary smoothly with s. Therefore the convergence of the gauged maps (As, us) as in
(39) holds on the regions Ω′s\domain(ρw±), i.e. away from the neighborhood of the
node w.
We now compare τ1 and τ2 to finish the proof. Suppose τ1 and τ2 are related by
the gauge transformation k± : Ω
′ ∩ domain(ρw±) → K. We focus on the + side.
For all s ∈ S and any R ≥ 0 let γs,R denote the loop ρ−1w+{r = R, 0 ≤ θ ≤ 2π}.
The homotopy class of k+|γs,R is constant for all s ∈ S and R ≥ 0. Suppose this
class contains the geodesic loop [0, 2π] ∋ θ 7→ eλ+θ for some λ+ ∈ 12π exp−1(Id) ⊂ k.
Then, as in the proof of Corollary 2.10, τ2 can be homotopically altered so that k+ =
eλ
+θ ◦ ρw+. Similarly, we ensure k− = eλ−θ ◦ ρw− for some λ− ∈ 12π exp−1(Id) ⊂ k.
Then, we see that the convergence in (40) holds in the trivialization τ2 also, therefore
(c) is satisfied. Finally, under the trivialization τ2, κs = e
λ+θe−λ
−(θ+ts) ◦ρw+ ◦π−1s,+ :
∆s → K (see (34) for definition of ts), which proves (d). 
The following Lemma produces a family of gauged holomorphic maps over (S, 0),
such that the central element, defined on a nodal curve, is a vortex. The family is
continuous at 0 ∈ S in the sense of (41).
Lemma 7.17 (Making the central element a vortex). Let p ≥ 2 and (As, us)s∈S be
the family of gauged holomorphic maps defined over the principal K-bundle P →
C produced by Lemma 7.16. There is a family of complex gauge transformations
eiξs ∈ G(Ps) such that eiξ0(A0, u0) is a finite energy vortex on P0 → Σ0 and for any
sequence sν → 0 in S,
∪sν usν (Ω′sν ) ⊂ X is pre-compact,
‖eiξsνAsν − eiξs0A0‖W 1,p(Ω′sν ) → 0 dW 2,p(Ω′sν )(e
iξsν usν , e
iξs0u0)→ 0,
(41)
where the norms are defined under the trivialization of the bundle P → Ω′ from
Lemma 7.16.
Proof. Using Theorem 7.3, there is a complex gauge transformation eiξ0 on P0 → Σ0
that makes (A0, u0) a vortex. We remark that in the analogous stage of proof of
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the smooth case (see Proposition 7.6), we just applied to eiξ0 to all elements of the
family – that is not possible in the nodal case. By Lemma 7.8, ξ0 : Σ0 → k decays
exponentially on the cylindrical ends corresponding to z1, . . . , zn and w
±: for any
γ1 < γ there is a constant c such that
(42) ‖ξ0‖W 2,p(ρ−1z ({n≤r≤n+1})) ≤ ce
−γ1n.
for z = z1, . . . , zn, w
±. The element ξs ∈ Γ(Σs, Ps(k)) is defined as follows: Let
ξ˜s = φs(ξ0|Ω′s) : Ω′s → k and ξs := (πs)∗ξ˜s. For the estimates in (41), we work in the
trivialization of π∗sPs → Σ˜s from Lemma 7.16. So, we write down the pull-back π∗sξs
on Ω′s ⊂ Σ˜s as
π∗sξs =


ξ˜s on Ωs,
ξ˜s +Adκs(r
∗ξ˜s) on ∆
+
s ,
ξ˜s +Ad
−1
κs ((r
−1)∗ξ˜s) on ∆
−
s .
On Ωs, ξs = ξ0, therefore the gauged maps e
iξs(As, us) converge in the sense of (41)
by the convergence of (As, us) as in (39) from Lemma 7.16. Next, we look at the
regions ∆±s . We know κs is uniformly bounded in C
2(∆s,K). By the exponential
decay (42) of ξ0, both the terms ξs and Adκs(r
∗ξ˜s) (resp. Ad
−1
κs ((r
−1)∗ξ˜s)) decay to
zero in W 2,p(∆+s ) (resp. W
2,p(∆−s )) as s → 0. So, the convergence of (As, us) in
(39) implies (41). 
The family of K-gauged maps that is produced by Lemma 7.17 can be trans-
formed into a family of vortices via small complex gauge transformations. This is
carried out in the following Lemma. The control over the size of the complex gauge
transformations is used in the proof of Proposition 7.11 to show that the family of
vortices is continuous in the sense of Gromov topology.
Lemma 7.18 (Gauged maps near a nodal vortex can be complex gauge trans-
formed to vortices). Let C → S be a family of curves as in Proposition 7.11 and
let (As, us)s∈S be a smooth family of gauged holomorphic maps defined on the K-
bundle P → C in which the central element (A0, u0) is a vortex. Further, there
is a trivialization of the pullback bundle π∗P → Ω′ (see Notation 7.13) such that
the corresponding transition functions have a C2 bound: ‖κs‖C2(∆s) < c and such
that the following is satisfied. For any sequence {sν}ν∈Z≥1 converging to 0 in S, let
Σν := Σsν , Σ := Σ0 be Riemann surfaces with cylindrical ends corresponding to the
curves Csν and the central curve C0 respectively. Further,
∪ν uν(Ω′ν) ⊂ X is pre-compact,
‖Aν −A∞‖H1(Ω′ν) → 0, dH2(Ω′ν)(uν , u0)→ 0
(43)
as ν →∞. If the sleeve length ∆ (see Notation 7.13) is large enough, we can find*****
complex gauge transformations eiξν on the bundles Pν → Σν so that ‖ξν‖H2(Σν ,Pν(k)) →
0 and eiξνvν is a vortex on Σν.
Proof. The proof is similar to the proof of Lemma 7.9. The proofs of invertibility of
DFvν (0) : H2(Σν , Pν(k))→ L2(Σν , Pν(k)).
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and the existence of a uniform bound on the inverse are more complicated and are
carried out in steps 1A and 1B.
Step 1A: There is an approximate inverse Qˆν of DFν(0) satisfying ‖Qˆν‖ ≤ C
for all ν.
By arguments in Lemma 7.9, the operator DFν(0) is invertible for all ν, including
ν =∞. The challenge lies in proving a uniform bound on the inverse. The operators *****
DFν(0) and DF∞(0) are close to each other, so the inverse of DF∞ is restricted
to a cover of Σν, which is then patched to produce an approximate inverse of DFν ,
which can be bounded uniformly. Suppose Q∞ is the inverse of the operator
DFv∞(0) : H2(Σ, k)→ L2(Σ, k).
Given η ∈ L2(Σν , Pν(k)), it lifts to π∗νη ∈ L2(Ω′ν , k). Recall there is an embedding
Ω′ν ⊂ Σ. The section π∗νη can be extended by zero to get η∞ ∈ L2(Σ, k). Now, we
apply the inverse on the central fiber to get ζ∞ := Q∞η∞. Using a cut-off function,
we next produce a section on Ω′ν , namely ζ˜ := φνζ∞|Ω′ν ∈ H2(Ω′ν , k), which is
supported away from the boundary ∂Ω′ν . Finally, we define the approximate inverse
of η as the push-forward ζ = Qˆνη := (πν)∗ζ˜.
Next we show that ‖Qˆν‖ is uniformly bounded. It is easy to see that the first 3
steps – η 7→ π∗νη, π∗νη 7→ ζ∞ and ζ∞ 7→ ζ˜ have norm bounds independent of ν. For
the last step ζ˜ 7→ ζ : H2(Σ˜, k) → H2(Σν , Pν(k)), we need to bound ‖π∗νζ‖H2(Ω′ν ,k) in
terms of ζ˜. We can write
π∗νζ =


ζ˜ on Ων ,
ζ˜ + kν(r
∗ζ˜) on ∆+ν ,
ζ˜ + k−1ν ((r
−1)∗ζ˜) on ∆−ν .
Since we have uniform C2 bounds on kν , the last step ζ˜ 7→ ζ also has a uniform
bound.
Step 1B: ‖DFν(0)Qˆν − Id‖ ≤ 12 for large enough ν.
We work on the cover Ω′ν of Σν and first split up the required bound to bounds on
the core Ων and the sleeves ∆
±
ν . Consider any η ∈ L2(Σν , Pν(k)). We observe that
DFν(0)Qˆνη = DFν(0)(πν)∗ζ˜ = (πν)∗(DFν(0)ζ˜), and η = (πν)∗(φνπ∗νη). Using (37),
we get
‖DFν(0)Qˆνη − η‖L2(Σν ,Pν(k)) ≤ 2(‖DFν(0)Qˆνη − η‖L2(Ων ,k) + ‖DFν(0)ζ˜ − φνπ∗νη‖L2(∆+ν ,k)
+ ‖DFν(0)ζ˜ − φνπ∗νη‖L2(∆−ν ,k)) = 2(T1 + T2 + T3).
To bound T1, on Ων , we can write η = DF∞(Qˆνη)|Ων . Then,
T1 ≤ ‖(DFν(0)−DF∞(0))|Ων‖ · ‖Qˆν‖ · ‖η‖L2(Σν) ≤ cν‖Qˆν‖‖η‖L2(Σν),
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where cν → 0 as ν → ∞. This uses (32) and the convergence (43). T2 and T3 are
bounded in a similar way to each other. We show the case of T2:
‖DFν(0)ζ˜ − φνπ∗νη‖L2(∆+ν ,k) ≤ ‖DFν(0)ζ˜ −DF∞(0)ζ˜‖L2(∆+ν ,k)
+ ‖DF∞(0)ζ˜ − φνπ∗νη‖L2(∆+ν ,k) = T2A+ T2B.
(44)
T2A is bounded in a similar way to T1 and gives T2A ≤ cν‖Qˆν‖‖η‖L2(Σν), where
limν→∞ cν = 0. To work on T2B, we observe that on ∆
+
ν , π
∗
νη = DF∞(0)ζ∞ and
so,
T2B = ‖DF∞(0)φνζ∞ − φνDF∞(0)ζ∞‖L2 = ‖d∗A∞dA∞(φνζ∞)− φνd∗A∞dA∞ζ∞‖L2
Recall A∞ = d + λ
+dθ + a+, where λ+ ∈ k and ‖a+‖W 1,p(N(w+)) <∞. Then,
d∗A∞dA∞(φνζ∞)− φνd∗A∞dA∞ζ∞
= (d∗dφν)ζ∞ + 2(∇φν) · (∇ζ∞) + ∗[(λ+dθ + a+) ∧ (dφν ⊗ ζ∞)]
The bounds on a+, λ+ are independent of η, ν. So,
T2B ≤ c‖ζ∞‖H2(∆+ν ,k)(‖∇φ‖C0 + ‖d∗dφ‖C0) ≤ c2‖η‖L2(Σν)(‖∇φ‖C0 + ‖d∗dφ‖C0).
where the norms of ∇φ and d∗dφ are taken on [−∆/2,∆/2]× S1. These norms can
be made arbitrarily small by enlarging ∆, which has the effect of stretching out φ.
We fix ∆ such that
‖∇φ‖C0([−∆/2,∆/2]×S1) + ‖d∗dφ‖C0([−∆/2,∆/2]×S1)) ≤
1
8c2
.
Putting things together in the above discussion, we get
‖DFνQˆνη − η‖L2(Σν) ≤ (
1
4
+ cν)‖η‖L2(Σν),
where the constants cν are such that limν→∞ cν = 0. So, by taking ν large enough,
Step 1B is proved.
Step 1B shows that DFν(0)Qˆν is invertible, soDFν(0)−1 = Qˆν(DFν(0)Qˆν)−1 and
hence ‖DFν(0)−1‖ ≤ 2‖Qˆν‖. The rest of the proof – steps 2 and 3 – are identical
to the proof of Lemma 7.9. 
Proof of Proposition 7.11. The proof follows by applying Lemma 7.16, followed by
Lemma 7.17, and then followed by Lemma 7.18 to the family of quasimaps QS. 
7.5. Non-compact GIT quotient. We recall from Section 6, there is a projective
morphism from the GIT quotient X//G to the affine variety X/affG = Spec(A
G).
Also, there is a G-invariant map X → X/affG. So, a gauged map (C,P, u : P → X)
descends to a map C → X/affG which must be constant since C is affine. So, there
is a map Qmapg,n(X//G, β) → X/affG, which is proper by Theorem 4.3.1. in [6].
A similar fact is true for vortices with target X. A finite energy vortex (A, u)
descends to a holomorphic map C → X/affG which is necessarily a constant, so the
image of u is contained in a single fiber of the map X//G → X/affG. In this case,
Theorem 0.1 has to be modified, MV
K
g,n(X,β) is no longer compact. Instead, we
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get a continuous proper map πaff : MV
K
g,n(X,β) → X/affG. The homeomorphism
in Theorem 0.2 still holds. The proofs carry over with minor modifications.
Appendix A. Some analytic results
Proposition A.1 (Implicit Function Theorem, Proposition A.3.4 in [17]). Let F :
X → Y be a differentiable map between Banach spaces. The operator DF (0) has
an inverse Q, with ‖Q‖ ≤ c. Suppose for all x ∈ Bδ, ‖DF (x) −DF (0)‖ < 12c and
‖F (0)‖ < δ4c . Then, there is a unique point x ∈ Bδ for which F (x) = 0.
Proposition A.2 (Sobolev multiplication). Let Ω ⊆ Rn be a domain that is not
necessarily compact and has smooth boundary. Suppose Ω satisfies the cone condition
with a cone C (refer to [1] for definition).
(a) (Theorem 4.39 in [1]) Suppose p > 1 and k ≥ 0 is an integer such that kp ≥ n.
Then there is a constant c(k, p, n,C) such that
‖uv‖ ≤ c‖u‖ · ‖v‖,
where ‖·‖ = ‖·‖W k,p(Ω). So, Wm,p(Ω) is a Banach algebra.
(b) (Multiplication in Hk) Suppose k1, k2 and k3 ∈ Z are such that k3 ≤
min{k1, k2}, k3 < k1 + k2 − n2 and k1 + k2 > 0, then there is a constant
c(k1, k2, k3, n, C), such that ‖uv‖Hk3 (Ω) ≤ c‖u‖Hk1 (Ω)‖v‖Hk2 (Ω).
Proof of (b). First, we focus on k3 = 0 and assume k1 ≥ k2. If k1− n2 > 0, the result
follows from the embedding Hk1 →֒ L∞. Otherwise, let ǫ := k1 + k2 − n2 > 0 and
pick pi for i = 1, 2 such that
n
pi
= −ki+ n2 + ǫ2 . We can embed Hki →֒ Hki−
ǫ
2 →֒ Lpi .
We have 1p1 +
1
p2
= 12 , so the result for k3 = 0 follows by Ho¨lder’s inequality. For
k3 > 0, the result can be obtained by induction. For k3 < 0, recall that H
k3 is the
dual space (H−k30 )
∗, so to prove the result, we need to prove the triple multiplication
Hk1×Hk2×H−k3 → L1 is continuous. The constants in Sobolev embedding depend
only on the Sobolev indices and the cone C. 
Remark A.3. The multiplication theorem holds for a surface Σ with cylindrical ends.
In general the constants c are not independent of Σ. However, if Σ1 ⊂ Σ2 ⊂ · · · ⊂ Σ
be a sequence of subsets exhausting Σ such that the boundaries ∂Σi are smooth, lie
in the cylindrical part of Σ and are R-translates of each other, then the constants
c(Σi) can be chosen to be independent of i. This is because Σ can be covered by
a finite number of Euclidean charts, we need two charts for every cylindrical end.
The charts used for the Euclidean end are isometric. On these charts, we can find a
cone C such that the cone condition is satisfied with the same C for all Σi.
Lemma A.4 (Norm bound for GC action on A). Let Σ be a Riemann surface with
cylindrical ends. Let k, p ≥ 0 be such that (k+1)p > 2. Let P := Σ×K be a trivial
K-bundle on Σ. Complex gauge transformations in Gk+1,p(P ) act smoothly on the
space of connections Ak,p(P ).
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Let A0 ∈ Ak,p be a connection on P . For any ǫ > 0, there is a constant C so
that the following is satisfied. For any W k,p connection A = A0 + a which satisfies
‖a‖W k,p(Σ) < ǫ and any ξ ∈W k+1,p(Σ, k) that satisfies ‖ξ‖W k+1,p < 1,
(45) ‖(exp iξ)A−A‖W k,p(Σ) ≤ C‖ξ‖W k+1,p(Σ).
Suppose Σ1 ⊂ Σ2 ⊂ · · · ⊂ Σ be a sequence of subsets exhausting Σ, whose boundaries
∂Σi are smooth, lie in the cylindrical region of Σ and are R-translates of each other.
Then the constant C can be picked so that it satisfies (45) for all Σi.
Lemma 6.4 in [25] is a version of the above Lemma when Σ is compact. The
same proof carries over in this case. The uniform constants for the sequence Σi
can be obtained using Remark A.3. The following Lemma says that on a trivial
principal bundle, a W k,p-small connection can be transformed to a flat connection
via a W k+1,p-small complex gauge transformation.
Lemma A.5. (Lemma 4.3, Remark 4.4 in [25]) Let k ∈ Z≥0 and p > 1 be such that
(k + 1)p > 2 and let Σ be a compact connected Riemann surface with metric with
non-empty boundary. Let P := Σ×K be the trivial principal K-bundle on Σ. There
are constants c1, c2 and c
′
2 so that the following holds. Let A = d+a be a connection
on P so that a ∈ Ω1(Σ, k)W k,p . If ‖a‖W k,p(Σ) < c1, there is a unique ξ ∈W k+1,p(Σ, k)
satisfying ξ|∂Σ = 0, FeiξA = 0 and ‖ξ‖W k+1,p ≤ c2‖FA‖W k−1,p ≤ c′2‖a‖W k,p.
Proposition A.6. Suppose Σ is a non-compact manifold that is exhausted by a
sequence of compact manifolds
Σ1 ⊂ Σ2 ⊂ . . . , Σ = ∪iΣi.
Let s1, s2 ∈ Z≥0 and p1, p2 > 0 and let F :W s1,p1(Σ)→W s2,p2(Σ) be a differential
operator that satisfies the following. The restriction F |Σi : W s1,p1(Σi)→W s2,p2(Σi)
is a compact operator for all i. The restriction F |Σ\Σi has bounded norm for all i
and the operator norm ‖F |Σ\Σi‖ → 0 as i→∞. Then, the operator F is compact.
The proof is similar to Lemma 2.1 in [3], see also Proposition E.6 (v) in [30].
Theorem A.7 (Uhlenbeck Compactness, Theorem 2.1 in [24]). Let K be a compact
Lie group, let B ⊂ Rd be the unit ball and d2 < p < d. There exist constants κ(d, p),
c(d, p) such that the following is satisfied. Any W 1,p-connection A on the trivial
bundle B ×K that satisfies the curvature bound ‖FA‖Lp(B1) < κ is gauge equivalent
to a connection d+ a, such that
(a) (Coulomb gauge condition) d∗a = 0, ∗a|∂B = 0.
(b) ‖a‖W 1,p(B1) ≤ c‖FA‖Lp(B1).
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